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Exact solutions for steady two-dimensional 
flow of a stratified fluid 


By CHIA-SHUN YIH 


Department of Engineering Mechanics, University of Michigan+ 
(Received 15 February 1960) 


Three classes of exact solutions for steady two-dimensional flows of a stratified 
fluid are found. The flows which correspond to these solutions have arbitrary 
amplitude (however defined). Two of the three classes of solutions have close 
bearings on the lee-wave problem in meteorology. It is also shown that the 
amplitudes of the lee-wave components (if there is more than one component) 
depend not on the details of the shape of the barrier, but only on certain simple 
integral properties of the function for the singularity distribution generating 


the barrier. 


1. The equation governing steady two-dimensional flow of a stratified 
fluid 

This study is restricted to steady two-dimensional flows of a stratified fluid, 
assumed incompressible, inviscid, and non-diffusive. For such flows the Euler 


A 


equations are i: ‘ 


0 C ae ¢ 0 , 
y) y—-—— a G 
pus tu s,) (ws) in’ by)? (9, 9p), (1) 


Ox 


in which p and p are the pressure and the density, g is the gravitational accelera- 
tion, x and z are Cartesian co-ordinates, with z measured in the direction opposite 
to that of gravity, and wu and w are the velocity components in the directions of 
increasing x and z, respectively. Since the fluid is incompressible and non- 


diffusive and the flow is steady, 


u' = u(p po) w= w(p/po)?, (5) 


+ At Department of Applied Mathematics and Theoretical Physics, University of Cam- 
bridge, during 1959-60. 
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and py is a reference density. With the pseudo-vorticity w’ defined by 


, Ow’ du’ 
@ = 


Ox 02 


and yy’ the pseudo stream function, so that 


00 we 
OL 0 

e = : ope A A (6) 
0z 0x 


the equations of motion can be further simplified to 


, ay ’ é 9 , - 

— pow’ = ~ [p+ bpg(u’? +w"?)], (7) 
et Ox 

oy’ 0 "9 2 + 

= a, | P + $Po(u 2+ w'*))+ gp. (8) 


If (7) is multiplied by dx and (8) by dz, and the results added, 


—pyw' dy = d[p+4p(u? + w?)|+gpdz = dH —gzdp, (9) 
in which H = p+4p(u?+w?) + gpz 


is the Bernoulli constant, which is constant along a streamline but may vary 
from streamline to streamline, and is hence a function of yw’ alone. Since for 
steady flows streamlines are path-lines, and for an incompressible and non- 
diffusive fiuid p is constant along a path-line, p is also a function of y’ alone. Thus 
(9) can be written as 


= h(i’), (10) 


with V*y’ replacing —w’. Equation (10) is the governing equation sought, and 
is a modified form of an equation due to Long (1953), who did not relate the 
arbitrary function of yy’ on the right-hand side of his equation to the Bernoulli 
constant. 


2. Types of exact solutions 


To discover exact solutions of (10), it is natural to consider circumstances in 
which the equation becomes linear in y. To this end, one may adopt two different 
approaches. Since the function h(y’) is related to the upstream condition, one 
may either try different upstream conditions and see whether these will make the 
equation linear, or assume the equation to be linear to start with and inquire 
what the corresponding upstream condition must be. The second approach is 
evidently both exhaustive and more economical. Adopting the first approach, 
Long said in his impressive paper (Long 1953) of the case in which pu? is constant 
far upstream where the flow is parallel: ‘This is the only case I have been able to 
discover for which the differential equation governing the motion of a stratified 
fluid is exactly linear.’ This is hardly surprising, because the equation originally 
discovered by Long is in the form 


oy , 1 de (pi+y2 = fll 


= 








as 
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in which 7 is the usual stream function and subscripts indicate partial differen- 
tiation, and in this form it is quite unsuitable for discovering all the cases in 
which (10a) is exactly linear. The transformation (6) takes care of the inertia 
effect of density variation once and for all, removes the troublesome terms 
(representing the inertia effect) in Long’s equation, and produces (10), which, 
while equivalent to Long’s equation, is so much simpler that the second approach 
can now be applied. It will be shown by the second approach that there are three 
essentially distinct classes of flows for which (10) is exactly linear, each consisting 
of infinitely many flows. One of these three classes contains Long’s case as a 
special (but very important) case. Thus the simple transformation (6) proves 
to be a very fruitful one. 

For (10) to be linear in y, dp/diy’ and h(y’) must be linear in yy’. The linear 
equation therefore has the general form 


Vy! +gx(C +O’) = Cn + Cgy". (11) 
If C, = C, = 0, this equation has the form 
V2’ + Coz = C,. (lla) 
If C, = 0 but C, + 0, yy’ can be changed by a constant, and (11) becomes 
V2’ + Cgz = Cay’. (11d) 


The class of flows governed by this equation includes Long’s case as a special 
case. If C, + 0 but C, = 0, (11) becomes, after yy’ has been changed by a constant, 


V2’ + Ci gz’ = Cy. (11c) 

If C, and C, are both different from zero, the origin of z can be shifted so that the 
1 3 5 
resulting equation is , ; 
8 od V2’ + 92(C +C,’) = Cy, 
which, on changing yf’ by a constant, becomes identical in form with (11c). 
If now the dimensionless parameters 
E=2/d, y=2zid, Y=y'/Vd 

are introduced, in which d is a reference length and V a reference velocity, 
(11a) to (11c) assume the form 


V24' + Ay = B, (12a) 
V2 + An = BY, (126) 
V+ Ayl = B, (12c) 
in which A and B are dimensionless constants, and, now and henceforth, 
, oo @ 
Vi= aga + By 


3. Class (a): pseudo-potential flows 
For class (a), the general solution is of the form 
‘ $ 12 n? ; 


11-2 
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in which a fifth constant has been suppressed because ‘Y can be changed by an 
arbitrary constant. Either member of the brackets in (13) can be used, or a 
linear combination of both members, except that for the first two brackets the 
linear combinations must be such that (12a) is satisfied. The first member on 
the right-hand side of (13) is a harmonic function satisfying the Laplace equation 


vey, = 0. (14) 
A re-examination of (10), (11a) and (12a) reveals that 


1 dp gd F 
—". U 79? ( 15) 
p dt V? 
so that, once V is determined, 
Ap, V? 
p= 


‘Y + constant (16) 
gd 


is also known up to an additive constant. Furthermore, if p decreases with 

increasing 7 (stable stratification), and the flow is from left to right, dp/d'¥ is 

negative, and the expression for A suggests that it is really the negative of the 
reciprocal of the square of a Froude number: 

A=-—F-*, (17) 

A first example is furnished by a stratified flow between two horizontal boun- 

daries, at z = 0 and z = d, into a line sink whose trace is situated at the origin. 


Since the flow is symmetric with respect to the z-axis, it is convenient to consider 
the flow to be separated by a plane vertical wall at 2 = 0 into two mirror images. 


The left one of these will be considered. If the flow at x = — 0 is parallel and with 
the parabolic distribution for the velocity (as weighted by the factor (p/p,)*) 
U(n) = 6U,,9(1 —9), (18) 


in which U,, is the mean of U, then with U,, as the representative velocity V, 


A=12, B=6, C=D=90 


in (13), and Y = VY, — 293 + 37. (19) 
The boundary conditions are Y= 0 at y= 0, ‘VY = 1 at » =1, and at €=0 
(0 < 9 < 1); ¥ = 397-273 at € = —oo. In terms of ‘’,, these are 
Y.=0 at g=0 sand = i, (20) 
Y, = 1+273-37y7? at €=0 (0<< 1), (21) 
Y,=0 at £=-o. (22) 


By the method of separation of variables the solution of (13) to (16) is found to be 


Y, = 2A, e" sin nz, (23) 
in which 
2 3 2 Lik 2 
/“ 1 a (1+ aa) by 37’ Ay= =(5+aea)> > te” 


: 
| 
| 
| 
| 
| 


ay 








f 








—— 
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and the density variation at infinity is 
P = Pot (Po— Px) (¥ + 39? — 29%), (25) 


in which py is the density at the bottom plate and p, that at the top plate. The 
flow pattern can be expected to have an eddy at the corner bounded by the upper 
boundary and the vertical wall, extending to infinity. 

For another example consider the case of stratified flow with ‘’ = — 447° at oo. 
The lower boundary consists of a semicircle (r = 75, 0 < 6 < m) and the lines 
(9 = 0, 6=7, r> ry). No upper boundary is imposed. After the solution is 
obtained, any streamline (and in particular the one on which p is zero) can be 
taken to be the upper boundary. Here C = 0 in (13), and the upper members in 
the brackets of (13) can be taken. For illustration, B and D will be taken to be 
zero. The general case in which B and D are not equal to zero can be solved 
similarly. The reference length is now the radius of the cylinder, 7). For con- 





eT ae ————— ,¥=0 2- 
et \/ as we | Seal 
eae ee — 





FicurE 1. Pattern of a pseudo-potential flow of a stratified fluid over a semicircle. 
24’ 1 dp 


we : 
i a eee = yr? 
Cro py dy 


ry = radius of semi-circle, r, = 7/79. 


venience, let r/r, be denoted by r,. The boundary conditions are (for ‘VY = — }A7° 
at infinity): ¥, = 0 at 7 = 0 (at least for r > 1), V, = 0 at r, = 0, V, = 3Ay*® 
for r, = 1 (y > 9). The solution is 


Ar? (3sin@ sin 30 ab is 
yy’ = —* Ree se 3 — 4r} sin? 6 
24 \ 7, ry 
Ar , a = 
” > 3( “ ’) sin # — ( a— ’) sin 36] : (26) 
2 ry ry 


The flow pattern is shown in figure 1. As can be readily calculated from (20), 
the stagnation points are the points: 
(r,9) = (20,0), (00,7), (79,9), (7577), (79: 7), (To 67)- 


These form the corners of two roughly triangular eddies, symmetrically located 
over the horizontal boundary, as shown in the figure. 


4. Class (b): waves of arbitrary amplitude, with application to flow 
over a barrier 
The class of flows governed by (125) can be applied to the atmosphere. If 
the flow is parallel, the corresponding stream function is governed by the 
equation — 
| ay, 


dy? + Ayn = BY,, (27) 
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which has the solution 
Y= “71+ Csinh /By+Decosh /B 7. (28) 
If the solution of (126) is written as the sum of two parts, i.e. 
Y=. Y,+¥,, (29) 
then ‘f, satisfies V*¥',—BY, = 0, (30) 


the solution of which satisfying the boundary conditions; ‘’, = 0 at 7 =0 
and 7 = 1 is of the form 
Y,= > A, exp +(B+n?n?)t € sin nz. (31) 
n=1 
The special case C = D = 0 has been considered by Long (1953). In this case, 
if ‘Y and ‘lV’, are expressed in terms of Ud, with U denoting the uniform velocity 
(weighted by the factor (p/p,)?) far upstream, ‘’ = Y’, = 7 far upstream, and 
A = B. Thus (17), (28), (29) and (31) produce the solution 


x 
Y= + ¥ A,exp{+ (n22?— F-*)) 2) sin nz. (32) 
n=1 

The solution by Long (1955) for stratified flow over barriers and the solution by 
Yih (1958) for stratified flow into a sink are of the form (32). These solutions can 
now be generalized to apply to the infinitely many upstream conditions described 
by (28). This gain in generality has been possible because (10) is substantially 
simpler than (10a). The actual modification of the solutions of Long and of Yih 
for application to the generalized upstream condition is straightforward and 
will not be presented here. Suffice it to say that (28) possesses so much latitude 
that an actual upstream wind condition can be much better approximated by 
(28) than by ‘I’, = 7, by appropriate choice of the constants A, B, C and D. 
Thus the meteorological significance of (27) is somewhat enhanced. Care must 
be taken, however, to ensure that ‘Y (or ‘’,, since ‘’, is assumed to vanish far 
upstream) be monotone in 7, for otherwise (since dp/d‘Y’, is constant) an unstable 
density distribution would be present in a part of the fluid in parallel flow. 

If B is negative and greater in numerical value than (Nz)? but less than 
(N+1)?7?, W, in (31) will contain NV terms periodic in £, representing wave 
motion. It is commonly assumed (and the assumption has been experimentally 
verified) that upstream waves do not occur. But if we do not inquire how the 
waves are made and only ask whether a periodic condition can be consistent with 
(27), we see immediately that the answer is in the affirmative, because 

N 
Y= ¥,+ ¥ (B 
n=1 


t£) sin nay (33) 





cos |B+n®n?\t&+C, sin |B+n2n? 


? 


+ The condition ¥’, = 0 at 7 = 0 is imposed to make 7 = 0 a streamline. This is desirable 
if the ground surface is flat or at least flat as £ +00 (since lee-waves, if they exist, will not 
die out as >). If there is a barrier on the surface of which we demand Y’ = 0, then 
the streamline ‘ = 0 consists of the ground surface and the line 7 = 0 (which may con- 
stitute part of the ground surface), if the condition ‘’,(0) = 0 is imposed. The boundary 
condition Y, = 0 at 7 = 1 follows from the requirement ‘Y = constant at 7 = 1. A discussion 
of the realism of this requirement when the theory is applied to the atmosphere will be 
given later in this paper. 





| 
| 
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is a solution of (27), with ‘’, given in (28). The corresponding density distribution 
given by dp sae “a 
, = constan 
dt 
is not necessarily unstable, even though in certain regions the density increases 
upwards, because of the presence of acceleration toward the centre of curvature. 
The wave motion represented by (33) can have arbitrary amplitudes. For the 
particular case of A = B, C = D = 0, 


YY =+ ¥ (B, cos F-2—n?n?|4€+C, sin F-?—n?n?|'£)sinnay, (35) 








Na < F< (N+1)z, 
































FIGURE 2. Stationary waves of arbitrary amplitude. 


3 ’ uy 1 dp 
k= ¥=-— = 
4n Fd3q¢ po dy 


represents a period motion with V wave components. In spite of what Long 
himself said (as quoted in § 2), the waves represented by (35)—but not those 
represented by (33)—can be considered to have been discovered by him, because 
they are identical with the lee-waves he studied. The flow pattern for 


9 
Y= n +— cos (F 2_ 72)} £ sin nmy, (37) 


with F = 3/47, is shown in figure 2. The term 7 in (35) and (37) represents only 
a pseudo-uniform velocity field, because ‘’ is a stream function for the flow field 
(u’, w’), and not for the flow (u, w). Therefore the parallel flow represented by 7 
does not correspond to an actually uniform velocity, and it is not possible by 
a shifting of co-ordinate axes to remove the parallel flow altogether. However, 
if drift is allowed, the discharge relative to a moving frame of reference can be 
made to be zero. The speed ¢ with which the frame moves is exactly the phase 
velocity of the wave pattern relative to the moving frame, which is quite different 
from the stationary wave pattern. This speed can be calculated readily, and will 
not be given explicitly here. 








168 Chia-Shun Yih 


Use of vorticity distributions for generating stratified flows over a barrier 


For the case A = B, C = D = 0, Long (1955) gave a method for generating the 
solution for flow over a barrier which is approximately the same as one with 
a prescribed form. We shall now give an alternate method, for generating solu- 
tions of (12) for flow over a barrier of unspecified (except implicitly) form. This 
method has three advantages over Long’s method. First, it is simpler. Secondly, 
the determination of the coefficients is exact, and does not involve the solution 
of infinitely many equations containing infinitely many unknowns. Thirdly, by 
means of it we can prove the very important fact; that the amplitudes of the 
various lee-wave components depend not on the details of the shape of the 
barrier, but only on certain integral properties of the singularities generating 
the barrier. On the other hand, the shape of the barrier is directly though only 
approximately accounted for by Long’s method, whereas the alternative method 
to be presented is entirely an inverse method which does not attempt to generate 
a solution for a prescribed barrier even approximately, except indirectly. 
The method will now be described. When 


(N72)? < —B < (N+1)?7’°, 


the solution of (125) can be put in the form 





8) 
Y_=YV,+ ¥ A,e%sinnzy (for & < 0), 
N+1 
Y= ,+ ¥ (B, cosa, 6+C, sina, £)sinnzy > (38) 
n=1 
- 
. 7 a = 
+ Y D,e-* sinnay (for £ > 0), 


N+1 
in which ‘f’, is given by (28) and 
a, = |B+n°n?\}. 


The coefficients A, B,, C,, and D,, are determined by demanding 


Y =. ot Fx, (39) 
oY. 2, 
ae OE =f(y) at €=90, (40) 
in which f(y)=9 for »>a and 7=0, (41) 


and is arbitrary elsewhere. Since ‘Y_ and ", satisfy (126), (39) and (40) ensure 
that ‘, is the analytic continuation of ‘’_. There are no singularities in the 
domain outside of the barrier (which is determined a posteriori), and there are 
no upstream waves. The function f(y) corresponds to a sheet of distributed 
vortices (with horizontal axes) of variable strength at £ = 0, extending from 
» = 0 to y =a. It determines implicitly the shape of the barrier. 


+ The author is indebted to Dr G. K. Batchelor for pointing out the possibility of this 
fact. 











~~ 


— ae OO D O 
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It will now be seen that B, and C,, depend not on the details of the function 
f(y) but only on certain of its integral properties, or, more precisely, on certain 
of its Fourier coefficients associated with the functions sin n77. Indeed, (39) 
demands that 


A,=D, (n>WN), (42) 
B,=90 (n<WN), (43) 
and (40) demands 
“1 
a,(A,+D,) = 2 | f(y)sinnayndy (n> WN), (44) 
70 
“1 
a,C, =—2 | S(y)sinnayndy (n< N). (45) 
/0 


Thus A, and D, are determined from (42) and (44), and C,, from (45).+ But (45) 
is most significant. It states that the amplitudes of the N wave components are 
equal to the first NV Fourier coefficients of the function divided by a, (which 
depends only on B and n, and is quite independent of f(7)). Certainly there are 
infinitely many functions which satisfy (41), have the same first N Fourier 
coefficients, and yet are different. The barriers corresponding to all these different 
generating functions have lee-waves with the same wavelengths and the same 
amplitudes, provided B is the same for the upstream flow. The situation is even 
independent of the coefficients A, C, and D in (28), though the shapes of the 
resulting barriers are dependent upon them. Near the barrier, the flow depends 
also on A, and D,, and hence also on the rest of the Fourier components. In 
other words, near the barrier the flow depends on all the Fourier coefficients of 
or on the full details of f(7), as is to be expected. Thus we have arrived at a sort 
of St Venant’s principle in stratified flow. 

Now that the alternative method has proved fruitful, it is desirable to improve 
the method, in order to obtain some flexibility for dealing with barriers of 
specified forms. The method outlined above is good for constructing flows over 
rather bluff barriers, and is not adequate if the barrier is elongated. To remedy 
this situation, the obvious thing to do is to achieve a freedom for displacing the 
vortices (represented by f(7)) in the x-direction. This can be done simply by using 
two or more vertical vortex sheets at different values of x or £. If (38) is rewritten 
as VY = i+, 
in which the expressions for ‘lV’, are different for £ > 0 and for € < 0, we see that 
‘, is the stream function which owes its existence to the presence of the barrier 
or of the singularities generating this barrier. If an additional line of singularities 
is situated at £ = b, with distribution function f,(7), and still another situated at 
£ = c, with distribution function f,(7), the solution is of the form 


P= P,+P7,+ 73+, 
in which ‘Y’, and ‘’, are similar to ‘’, given in (38), except that the € in {’, should 
be changed to £—b and £-—c for Y’, and ‘V4, respectively, and the coefficients 
are now determined from f,(7) for ‘Y;, and from f,(7) for ‘’,. Generalization to 


+ If B = — N2n?, ay = 0, and in order for the method to work the Nth Fourier coefficient 
of f(7) must be zero. 
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the case of more than three vortex sheets is obvious. If it is desirable to use 
isolated vortices, we can simply take f(y) to be a Dirac delta-function located 
somewhere above 9 = 0. 


Use of sources, sinks, and doublets for generating stratified flows over a barrier 


instead of demanding (39) and (40), we can demand 


Y_-¥,=f(y) at €=0, 
ay \ 
wie -_ OF, _ 9 at £=0, 
og og P 
with f(y)=90 for »2a and y=0, 


and f(7) arbitrary elsewhere. The function f(7) now corresponds to a source 
distribution along a line element at = 0. The solution is again in the form of 
(38), but the formulas for the coefficients are now 


A=-D, (a>), C,=0 {a < J), 


ho 
A,—-D, =2 | f(y) sinnayndy (n> N), 


~ 0 


Al 
B,=-2 | f(y) sinnaydy (n < N). 
/0 


If there is more than one line source, the generalization is the same as given in 
the last paragraph. The total algebraic sum of the sources must be zero in order 
that the barrier be closed. 

Again, by taking f(7) to be a Dirac delta-function, the solution corresponding 
to an isolated source or sink can be obtained. It can be readily shown that if a 
source is located at £ = —b and a sink of equal strength (m) is located at £ = b 
and at the same height A, (dimensionless), the nth (n < NV) lee-wave is repre- 
sented by 

—4msinn7h, sina, 6 sina, § sinn77. 
If 6 is small, the amplitudes of the lee-waves are proportional to 2mb, which is 
the negative of the moment of the source and sink. Thus, for a doublet of strength 
# (equivalent to — 2mb), the amplitude of the nth lee-wave is 


2a, sin n7th,, 
and, for a doublet distribution from 9 = 0 to 7 = a, the amplitude of the nth 


lee-wave is 


2a, | (9) sin nay dy. 


~ 0 


If the doublet (isolated or distributed vertically) is not located at ¢ = 0, only 
the phase of the pertaining lee-waves will be changed (by an amount equal to the 
£-coordinate of the doublet or doublet distribution). 
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An example, and a discussion of the effect of the upper boundary 
Figure 3 shows a stratified flow (case (b)) over a barrier, with waves in the lee. 
The velocity distribution far upstream is given indirectly by (28), with C = D = 0 
and A = B = —9/167, so that w’ is constant far upstream. The flow is analytic- 
ally given by (38) and (42) to (45), with 
—f(y) = 10sin5zy for 0< 9 < 0-2, 
= 0 for 0-2<y< 1. 


There is a single lee-wave component, with wavelength (6/,/7)d, d being the 
depth from the (flat) upper boundary to the flat part of the lower boundary. 











FIGURE 3. A stratified flow over a barrier, with waves in the lee. 


Since the wave numbers of the lee-waves are a, (for those n’s that make 
B+n?n* negative), the wavelengths must depend on B. In the example just 
given, B = — F~?, with 


pz — _PoU” 
gd*(dp/dz)’ 
U’ being the (constant) velocity wu’ at x = —oo, where dp/dz is taken. Thus for 


a given U’ and density distribution, the wavelengths depend on d. Consequently, 
the location of the upper boundary has in this case, as indeed it does in general, 
a profound influence on the flow pattern. This is not surprising, for as the depth 
increases the wave numbers for those lee-waves just able to stay stationary 
(i.e. to withstand the sweeping action of the parallel flow) must also increase, 
and vice versa, because the wave velocities increase with d and decrease with the 
wave-numbers (Yih 1960). However, the importance of the location of the 
imaginary upper boundary does raise the question of where to impose it in any 
given situation, and the question of the error committed by imposing it. 

A partial answer to these questions can be obtained by considering two super- 
posed layers of fluids. The lower layer has depth d, and is bounded below by « 
rigid plane boundary (the ground). The upper layer has depth d,, and is bounded 
above by an auxiliary rigid plane. This auxiliary boundary (not the one the 
effect of which is under discussion) is imposed only for convenience, and is not 
necessary, for the same conclusions can be reached on the assumption that the 





172 Chia-Shun Yih 


depth of the upper layer is infinite. The interface of the two layers is the place 
where the artificial rigid boundary under discussion is supposed to be imposed 
in the preceding analysis, and it is proposed to see under what conditions the 
presence of this boundary introduces only small errors. Let the density gradients 
in the two layers be constant but different, and the density be continuous at the 
interface. At x = —«, wu’ is supposed to be the same for both layers, and is denoted 
by U’. The equations governing fluid motion in the two layers are 


Vey — Fy = —- F224, Ve", — F297 = - FY, 


_ po U” 
gd*(dp/dz),,’ 


. . 7 Po vs 7 
in which F= = 


~ gd®(dp|dz)’ 
the density gradients being taken in the absence of waves. The parallel flow 
Y, = (¥,), = 7. 


and the wave motion is governed by (with the subscript 2 on the stream functions 


corresponds to 


dropped for convenience) 
our _ 12" 1 1-2" 
VY = —F-*Y, V*Y,, = —F,*Y,, 


These equations are to be solved with the boundary conditions 
(i) ¥ =Oaty=9; 

ji) ¥, = Oat 7 = d_/d; 

(iii) that the displacement be the same for both layers at the interface; 

(iv) that the pressure (or, equivalently, the velocity) be continuous at the 
interface. 

The solution of the eigenvalue problem so defined on the basis of a linearized 
analysis yields the secular equation 


2 a 
(F-2— m2)! cot (F-2— m2)? = — (F7?— m2)! cot (F;?— m2) (7 — i 


for the determination of the eigenvalues for the wave-number m in the factor 
sinmé contained in ’ and ‘¥’,. Since in the atmosphere the gradient of the 
potential density in the stratosphere is greater than that in the troposphere, 


F-2=aF-2 (a> 1). 


_ ies, 
Fy?-m? (a-1)F? | 
Hence 2 “Tie 2 27 
F-?-m? F-*-—m? 
In the atmosphere, if d is taken to be the depth of the troposphere, F? < 1. 
Consequently, if m is large enough to make F-?—m? much smaller than F-?, 
the secular equation can be replaced by 
_ 7 on (ad ; 
tan (F-2— m?)} cot (Fz? — m?)! (—"—1} = 0. 
u d 


One set of solutions of this equation is 


m = (F-2—n?n?)t =a,, 


so long as n is not so large an integer as to make m small. Another set of solutions 
is obtained by setting the other factor (in the approximate secular equation) equal 
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to zero. The wave-numbers obtained are for waves in the upper layer when the 
interface is replaced by a rigid boundary. Thus, if we take d to be the depth of 
the troposphere and apply the analysis to meteorological problems, the situation 
is as follows: 

(1) The exponential terms in (38), corresponding to local disturbances only, 
are least affected by the replacement of the tropopause by a rigid boundary, and, 
since d is rather large compared with the vertical dimension of a barrier, are 
practically independent of d. 

(2) For small values of F, the shorter lee-waves predicted by the theory will 
exist in the atmosphere. The error committed by imposing the upper rigid boun- 
dary is small in connexion with the shorter lee-waves. 

(3) For the longer lee-waves, the error may be large. 

(4) The theory will furnish no information at all on lee-waves extending to 
the stratosphere. 

Because of the situation stated in (3) and (4), further work is necessary to 
determine more accurately the effect of the upper boundary. In the absence of 
better information, d should be taken to be the depth of the troposphere when 
applying the theory presented here (which does have the advantage that the 
amplitude of the motion treated does not have to be small). 


5. Class (c): another class of waves of arbitrary amplitude, with 
possible application to atmospheric flows 

For convenience, the coefficient A in (12c) will be denoted by «?, so that a is 
imaginary if A is negative. The solution of (12c) is of the form 


¥ = Fyn) + F2(6, 7), (46) 
in which ’, satisfies the equation 
d*Y. : 
Gp tenes = B, (47) 
and ‘VP, satisfies the equation 
V2¥,+a77'F, = 0. (48) 


The density variation now satisfies the equation dp/d¥ « ¥. 
For B = 0 the solution of (47) is, aside from a. constant factor, 


Vi(9) = py (3a 98) + ON (3a 93)} = f(9). (49) 
For B + 0 the substitution 


F=f) + Ky (50) 
"Bl" fdy— 22K," nfar 
leads to ¥,=f ° 2 “9° __ dy + K'| + Ky. (51) 
0 d 


Since f(0) = 0, ‘’, = K, at » = 0. (It is no longer always permissible to take 
‘YY = 0 at 7 = 0, because in reaching (llc) is already assumed to have been 
modified by an additive constant if necessary.) The constant K’ in (51) ensures 
that ‘’, can be adjusted to take any value K, at 7 = 1 provided J,(3a) + 0. 
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The solution of (48) is of the form 


V.= ¥ A,exp[ + (an£) B(,b,,)) (52) 
n=1 
in which 6 = —a?/a3, and 
Bae, b, ) = (9 — byt {Ny Goe( — b)8] Syl Goe(y — b)#] — Jy[ Bau — 8] Ny oe(y — b)3]}, 
(53) 


and b,, are the eigenvalues satisfying 
(a,b, 1) = 0. (54) 


if a? is negative, (52) corresponds to a wave motion with periodic components. 

Solutions ‘’, and ‘V,, given in (51) and (52), can be used for application of 
Long’s method or the alternative method proposed in § 4, in dealing with flow 
over a barrier. In fact, the entire development in § 4 can be repeated in a strictly 
similar manner for the new forms of ‘Y’, and ‘Y,, and the problem of flow into a 
sink treated by Yih (1958) can again be solved if the upstream condition is 
described by (51) and | A| is sufficiently small. We shall not work out the details, 
which are tedious but straightforward, and shall content ourselves by pointing 
out that (51) again represents infinitely many upstream conditions, corresponding 
to the infinitely many sets of values for A, B, K’, and K,, one of which may 
sometimes be a better approximation to the actual wind distribution than one 
represented by (28). 


This work has been done during the tenure of a Senior Post-Doctoral Fellow- 
ship of the National Science Foundation at the University of Cambridge, and the 
author wishes to express his appreciation to the Foundation for the opportunity 
to pursue uninterrupted research. The author is indebted to Dr G. K. Batchelor, 
F.R.S., for stimulation, criticism, and several useful discussions. It is also a 
pleasure to acknowledge the support of fundamental research on stratified flows 
by the Office of Ordnance Research in the past several years, without which the 
present work would have taken much longer to accomplish. 


Note added in proof. While this paper was in the proof stage, its contents 
were presented at a seminar of the Institute of Meteorology of the University 
of Stockholm. At that time Prof. G. Benton kindly informed the author that 
some of the results presented had already been published by Prof. R. R. Long 
in a brief note {‘Tractable models of steady-state stratified flow with shear’, 
Quart. J. Roy. Met. Soc. 84, 1958, pp. 159-61). Upon examining that note, 
I found that equation (28) and the upstream condition corresponding to equation 
(12c) had already been obtained by Long by an entirely different approach. 
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On the disintegration of water drops in an air stream 


By K. N. DODD 


Royal Aircraft Establishment, Farnborough 
(Received 1 March 1960) 


A theory is developed, based on the very limited available experimental evidence, 
to predict the distortion and disintegration of a water drop when it is exposed to 
a stream of air with continuously increasing relative velocity. The theory is 
applied to water drops situated in the path of a solid sphere moving through the 
air. 


1. Introduction 


In the absence of aerodynamic forces, a drop of water will take up a spherical 
shape under the influence of surface tension. But when the drop moves through 
the air, aerodynamic forces are also applied to its surface and these will distort 
the drop from its spherical form. The distortion is of two types. For very high 
velocities of relative motion, such as occur near explosions, the outer surface is 
stripped off the drop while the central portion remains momentarily at rest. In 
this note, however, we shall only be concerned with the second type of distortion 
which only occurs at lower relative velocities. 

The stages in this second type of distortion are shown in figure 1. As the relative 
velocity is increased from zero, the originally spherical drop (a), has its leading 
surface flattened (6), then the flattened surface becomes concave. The hollow 
increases in depth until it almost protrudes through the back of the drop. After 
this a spherical bubble in the shape of a bag begins to develop (c) and the bubble 
expands rapidly from the annular ring of water on which it is formed (d). The 
thin sheet of water forming the bubble eventually becomes unstable and dis- 
integrates into tiny droplets (e). Soon after this the annular ring also becomes 
unstable and breaks up into somewhat larger droplets. 


2. The experimental evidence 


The experimental evidence on this subject appears to be limited to some un- 
published work by Lane & Edwards (1948) in which photographs of drops in the 
various stages of bursting outlined above are given. This work is mainly an ac- 
count of some experiments in which drops of water were dropped under gravity 
into a vertical wind tunnel. This apparatus consisted of a vertical tube as shown 
in figure 2, with a flared entry. Air was sucked in through the top and out through 
an exhausting fan F. Water drops D of known size were allowed to fall from a 
pipette down the centre line of the tube and the air velocity was adjusted until 
disintegration was obtained in the tube. For our purposes, the main result in 
this paper was a graph showing the position of a 2-38 mm diameter drop in the 
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Ficure 2. Cross-section of wind tunnel for experiment. 


FicuRE 3. Motion of a water drop in the wind tunnel. Original diameter of the water 
drop, 2°38 mm. Air velocity, 23-2 m/sec. 
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tube at intervals of time of about 4 ms. On the graph was also indicated the stage 
of disintegration reached by the drop at some of the time intervals. This graph is 
reproduced in figure 3. The displacement is the distance the drop has moved past 
the point O in figure 2. A good series of photographs like figure 1 was also obtained 
for a 2-2mm diameter drop (see also Lane & Green 1956). 

We shall also require, for our investigations, the pressure distribution on a solid 
sphere exposed to a stream of air. This distribution was found from experiment 
by Hinze (1948) to be 


P = Pal V —u)* (9eos?6—5)/8 for 0<4< 4, 


= —I1lp,(V —u)?/32 for 4m < O07, 


where p, is the density of air, V is the air speed, w is the drop speed and @ is the 
angular distance from the point on the sphere facing the oncoming air stream. 
These formulae appear to be confirmed approximately by other investigations, 
for example, Fage (1937). 


3. The condition for disintegration 

The main theoretical discussion of the results of experiments on water drops 
has centred on ascertaining the conditions under which break-up will occur. 
Lane & Edwards thought that the break-up would occur roughly when the force 
due to the variation of aerodynamic pressure over the drop exceeds that due to 


surface tension. They wrote 
4T /d = kp,(V —u)?. 


where 7’ is the surface tension of the liquid, d is the diameter of the drop and k 
is a constant. From this it follows that 


d(V —u)? = constant, 


and Lane & Edwards showed from their experiments that this relation holds 
approximately. 

Prandtl (1952, p. 325) discusses the phenomenon and arrives at a similar 
result. He also mentions some experiments very similar to those of Lane & 
Edwards which were performed by Hochschwender at Heidelberg as early as 
1919. On the other hand, Hinze showed from a theoretical consideration of the 
break-up of freely falling drops that the condition of break-up is not an explicit 
equation but depends on the history of the relative velocity (V —w). 

Our view is that the Hinze theory is not applicable to Lane & Edwards’s 
experiments. 

To propound our theory on the matter, we must refer again to figure 1. As 
the relative velocity is increased, the drop takes on the form shown in (c) in 
which the bubble is just beginning to form. Let us draw a dotted sphere through 
this bubble. Then we contend that the critical velocity for bursting is the velocity 
which makes the radius of this circle a minimum. Let p, be the pressure just 
inside the bubble and p, the pressure just outside and let 


Pi—Po = HP AV —u)?, 
12 Fluid Mech. 9 
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this equation defining ~ which we shall regard as a constant. This equation is 
assumed to hold for all stages of the bubble formation. Let r be the radius of the 
bubble, then Py — Po = 4T |r 
and taking these equations together we get 
r(V—u)? = 47 /up, 


which holds for all stages of the bubble formation. Let r,, be the minimum radius 
of the bubble. Substituting in this equation, we obtain the following expression 
giving the critical velocity 

rn(V —U)rrit, = 47 MPa (1) 


It appears from what few photographs are available that this minimum radius 
is about twice the radius of the original spherical drop. Hence we get essentially 
the same form of condition for break-up as that postulated by Lane & Edwards. 

The constant / is at this stage unknown but we can get a very rough approxi- 
mation from the distribution of pressure over a solid sphere. In the distribution 
given above, the pressure is positive for 7 from 0° to about 43° and is negative and 
of almost constant value over the rest of the sphere. If we take py as this constant 
value and p, as the averaged pressure over the positive region of the sphere, we 
obtain «7 = 0-238 — (— 0-344) = 0-582. 


4. The dynamics of the burst 

In general the relative velocity V —w is not given. Usually, V is given as a 
function of position s; the drop velocity u being determined by an equation of 
motion for the drop, which depends on V through the aerodynamic drag. The 
relative velocity will normally increase up to the critical velocity given by (1) 
after which there will be a rapid increase in the size of the drop (i.e. bubble) 
followed by bursting. The critical velocity conveniently divides the motion into 
two phases. We shall consider phase II first as it is the more interesting both 
theoretically and for the purpose of our applications. 

For phase II we propose to idealize the problem by replacing the bubble by a 
hollow sphere. Let m be the mass of the original drop of water. We shall suppose 
a fraction f of this mass is contained in the hollow sphere and that the remaining 
mass is travelling along with the sphere but is not expanding. Lane & Edwards 
estimated that a fraction 0-3 of the mass of the original sphere is in the bubble 
but at present we shall not commit ourselves to this figure. Then the equations of 
motion for the sphere as a whole moving in a straight line are 


lu 
m 7 = mg+4Cpmrp,(V —u)?, (3) 


where ¢ is time, r is the radius of the hollow sphere and C, is the drag coefficient. 
The gravity term has been put in as appropriate for comparison with the Lane 
& Edwards’s experiments. The positive directions of s, wand V are all downwards. 
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To obtain the equation for the expansion of a thin spherical shell, consider a 
small area A on the shell. Let the thickness of the shell be dr. The mass of this 
area of shell is A dr, taking the density of water to be unity; its acceleration is 
d?r/dt?. The relation between acceleration and the force acting is thus 


dr 4T 
A dr x dp A |P.— Po - 


II 


j 4T 
A x V —u)?— | ; 
r 
But the total volume of the shell is 
4nr*dr = fn, (4) 


which gives us the value of dr. Hence we obtain 


Equations (2), (3) and (5) govern the behaviour of the drop after the critical 
velocity has been passed. 

For phase I of the motion, the drop is idealized to a sphere of fixed radius but 
with a larger (but fixed) drag coefficient than that for the original spherical drop. 
Thus in this phase, equations (4) and (5) do not apply. This is the weakest part 
of the theory because the drag coefficient will obviously differ greatly for the 
stages (a), (b) and (c) in figure 1. 

Having established the theory of the motion, out next task is to compare 
it with the Lane & Edwards experiment in the one case for which there was 
adequate information supplied. The funnel-shaped top of the wind tunnel, 
figure 2, was three times as wide at the top as at the bottom and its height was 
5cem. Measuring s from the point O, the air velocity is given by 

V(s) = a for O0<8s<5, 
=v for 5< 2, (6) 


where v is the air velocity in the tube. The case given by Lane & Edwards was 
that of a drop of original diameter 0-238 cm. The graph (figure 3) shows the times 
at which the drop reaches a number of points down the tube. At s = 7-2cm, the 
radius of the bubble is about 0-47 cm and the bubble is on the point of bursting. 
The position s = 7-2cm is reached about 4ms after passing s = 5cm. v was 
measured to be 23-2 m/sec. Now from the initial gradient of the (s,¢) graph, it 
appeared that the drop was moving ata velocity uv of about 4-8 m/sec at the critical 
point (assumed to be pretty near s = 5cm). At the critical point we also have 
dr/dt = 0 and r=r,, = 0:238cm (assuming that 7,, is twice the radius of the 
original spherical drop). It remains to find the value of s at the critical point. 
This is done by finding V from equation (1) (using w = 4-8 m/sec) and hence s 
from equation (6). From the values of the variables at the critical point, the 
equations were integrated on an electronic computer to find the conditions at 
s = 7-2em. To do this, however, three parameters had to be chosen, namely, /1, 


12-2 
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C, and f. A value 0-3 was chosen for f. With this fixed, numerous integrations 
had to be performed with different combinations of “ and Cp in order to get an 
exact fit to the experimental results. It was found that mainly affected the 
rate of expansion of the bubble while C, mainly affected the rectilinear accelera- 
tion of the drop but there was some interconnection between the two effects. A 
solution was eventually found with 

f=03, #=0-29, Cp=0°5, 8%, = 4-98cem. 
To test the effect of changing f, a solution was also obtained with 

f=06, w=0°30, Cp =90°5, si, = 4°96cm. 


The value of C, is about what would be expected for a sphere and the values of 
jp, although somewhat smaller than that calculated from the solid sphere, seem 
quite plausible. So with these parameters, we felt justified in proceeding to con- 
sider other applications of the equations. 

During the course of the integration trials, it was found that if ~ was taken too 
small the bubble did not expand at all. But there was a small critical range of 
such that the bubble began to expand and then contracted again. We think that 
this may explain the phenomenon shown in some of Lane & Edwards’s photo- 
graphs in which the tip of the bubble collapses back through the annular ring. 

The calculations for phase I of the motion presented less trouble as Cp is the 
only parameter. It was found that the motion from the pipette down to s = 0 
was not sensibly different from a free fall under gravity, giving a velocity of 
u = 2m/sec. The acceleration to 4-8 m/sec required a value of about Cp = 15in 
equation (3), using the radius of the original spherical drop for r in this equation. 


5. Drops in the path of moving objects 

Our main interest in the theory is to apply it to drops situated in the path of 
objects moving through the air to see whether these drops will be shattered or 
whether they will collide with the object. 

The equations need no modification except (3), which need no longer contain 
the gravity term if the object is moving horizontally. 

We consider the case of a sphere of radius a moving horizontally through the 
air with speed v. It is found convenient to consider the sphere to be at rest and 
the air to be moving. We placed the origiri of co-ordinates at the point on the 
sphere facing the oncoming air stream and let the s-axis point in the direction in 
which the air was flowing. Drops are then considered as they approach the sphere 
along the negative s-axis. 

We use parameters f = 0-6, 4 = 0-3 and Cp = 0-5. The value chosen for f causes 
a slower expansion of the bubble than f = 0-3 and so the probability of bursting 
is not overestimated. The expression for V is 


. a} 
V(s) =v—1 () ‘ 


This expression is obtained from the flow of an ideal fluid round a sphere, but 
experimental work has shown that the expression is very nearly true for air at 


subsonic speeds. 
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Our approach to the problem consists in assuming as a first approximation 
that the drop travels with speed v up to the critical point. The value of s at the 


critical point is then given by 
a \8 2T \ 
v =| Rl Sen] 
a—s TUP a 


This is equation (1) with the appropriate values of V and u substituted and with 
’, = 2r, where r is the radius of the originally spherical drop. From the critical 
point onwards the equations were integrated as previously described to see if 
the bubble would burst before colliding with the sphere. From the experimental 
evidence given by Lane & Edwards, the bursting point is taken to be the position 
at which the radius of the bubble is 27,,. But the expansion of the bubble at this 
point is very rapid and so the calculations are not sensitive to the choice of radius 
at burst. If the collision occurs before the burst then that is the end of the matter. 
If the burst occurs first, it is then necessary to test the validity of our assumption 
that the drop speed is v at the critical point. Of course, it will be slightly less than 
v but we must estimate by how much. From equation (3), the drag force on the 
drop is F = 4Cp7r*p,(V —u)?. The work done by this force up to the critical 


point is ‘ina 
Scrit. ag 
| Fas, 


—x 


and this is equal to the change in kinetic energy of the drop, i.e. 4m(v?—v?) 
where ¢ is the true velocity of the drop at the critical point. We can overestimate 
the value of the integral by putting wu = v, in which case we get 


, oF . @ a . 
- = 3p —_— 
v Per la— Scrit.) 


on using m = 4zr° and putting Cp = 20 as an upper estimate. The value of v 
was calculated from this expression. If it differed greatly from v then the fate 
of the bubble became uncertain. If % turned out close to v, the bursting conclusion 
could be regarded as valid and a slight correction could be applied to the positions 
of the critical and bursting points. 

We considered a range of values of r, a and v and the results are tabulated in 
table 1. B denotes that the drop bursts before hitting the sphere, whereas C 
denotes that the drop collides with the sphere. In all the B cases, v was within 
5°% of v. There were two uncertain cases and these are indicated by a question 
mark. 

It will be noted that a larger drop may collide while a smaller drop bursts for 
given a and v. This is in spite of the fact that a higher critical relative speed is 
required for the smaller drop. The explanation is that the smaller drop is more 
easily blown up once the critical point is past due to the smaller thickness of its 
bubble. 

Finally, it is of interest to compare the gradients of relative velocities (at the 
critical points) in the above cases with the gradients in the Lane & Edwards 
experiments for similar drop sizes. The table below gives these gradients, the 
units being m/sec per cm. The values given under the heading ‘sphere’ are the 
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maximum gradients for the cases we have considered in table | (i.e. the gradients 
for a = 5, v = 50): 


Lane & 

r Sphere Edwards 
0-2 5°33 14 
0-1 8:46 20 
0-05 13-43 31 


It will be seen that gradients for the sphere are all less than the corresponding 
Lane & Edwards’s gradients so we can be confident in applying the low-velocity 
theory in these cases. 


r = 0-2 cm r = 0-l em 
a a 
a 5 10 20 40 v 5 10 20 40 
200 C C C B 200 C C B B 
100 C C C B 100 3 CG 3 B 
50 Cc CO C B 50 Cc © C ? 


r = 0-05 em 


a 
v 5 10 20 40 

200 c B B B 

100 e B B B 
50 CO Cc 9 7 


TABLE l. v is in m/sec, and a in cm. 


6. Conclusion 


In conclusion, it should be emphasized that the theory of bursting which has 
been put forward is not intended to be final. Indeed, considering the paucity of 
experimental evidence, it would be surprising if the theory does not need to be 
modified when further experimental results became available. It seems, however, 
that the basis of the theory is substantially correct and future work will need to 
be concentrated on determining the degree to which the ‘constants’ in our 
equations must be varied for differing drop sizes. 
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Rayleigh instability of a thermal boundary 
layer in flow through a 
porous medium 


By R. A. WOODING 


Emmanuel College, Cambridget 
(Received 31 March 1960) 


It is supposed that a heated liquid is rising very slowly through a semi-infinite 
porous medium towards the permeable horizontal surface, where it mixes with a 
layer of cool overlying fluid. In the steady state a thermal boundary layer of 
exponential form exists in the medium. It is shown that the layer is stable 
provided that the Rayleigh number for the system does not exceed a critical 
positive value, and that the wave-number of the critical neutral disturbance is 
finite. The stability properties of the layer are explained qualitatively from 
physical considerations. 


1. Introduction 

In the geothermal region of Wairakei, New Zealand, it is known that the sub- 
surface ground water possesses a general upward convective drift, due to 
buoyancy induced by the high underground temperature. Since the rising ground 
water is cooled as it approaches the surface, where heat is removed by evapo- 
ration, radiation and movement in surface streams, an unstable state may be 
induced, and complicated convective motions appear in the layers near the 
surface. It is the purpose of this paper to investigate the conditions for instability 
to occur. 

In an idealized case, one considers a dynamically incompressible fluid, which 
rises at a constant, uniform rate through a semi-infinite homogeneous porous 
medium, and passes through the surface to mix with a layer of fluid at constant 
temperature. When a steady state has been established, a thermal boundary 
layer of exponential form then exists below the surface. 

The basic equations. Suppose that a homogeneous isotropic porous medium 
of porosity ¢ and permeability / is saturated with a liquid incompressible to 
pressure changes, the density p being a function of temperature 7' only. To allow 
for the dilatation and contraction of the fluid with temperature variations, it is 
convenient to introduce a vector q,, proportional to the rate of mass flow, and 
related to the usual volume flow vector q by 

] 
On = ~ PG, (1) 
Po 
where py is a reference density, corresponding to a temperature 7). Then the 
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equations of continuity, motion and heat transport for the liquid in the porous 
medium are 


Eo ,. ; 
7 Qn = 0 2 
Po ct + div Gm ? ( ) 
_ dP | : vq,, = 0 3 
Por —SP/Pot 7, Gn = Y, ( ) 

Or 4 Al s 
E “ +q,,-grad 7 = div (x grad 7’). (4) 
A 


In equation (3), Pis the pressure, vy =v(p) = /p is the kinematic viscosity (4 = (p) 
being the dynamic viscosity) and g is the acceleration due to gravity. Inertial 
terms do not appear in this equation, which is usually called Darcy’s law. The 
conditions for the validity of equation (3) are that the Reynolds number based 
upon the flow through the pores should not exceed O(1), and that the time scale of 
unsteady macroscopic motions should be very much greater than k/v—the time 
scale of transient motions in a single pore. 

In equation (4), ellie) «A edep,. ep (5) 
is the heat capacity per unit volume of saturated porous material, c being the 
specific heat of the liquid, and c, and p, the specific heat and the density of the 
solid material. Throughout this paper, the Boussinesq approximation that a 
linear relationship exists between the density p and the temperature 7' will be 
assumed, so that 7’ can be replaced by p in equation (4). The diffusivity k = K/cpp, 
where K is the thermal conductivity of the saturated porous material, i.e. the 
heat flux crossing unit area in the presence of a unit temperature gradient. When 
mechanical dispersion is also present, k must be replaced by a tensor quantity. 


2. Formulation of the stability problem 

Let the horizontal boundary of the porous medium be at Z = 0, the axis OZ 
being directed vertically upwards, and let the porous medium occupy the region 
—o < Z< 0. The surface is assumed to be covered by static liquid of constant 
temperature, which gives the boundary conditions p = p, = constant and P = con- 
stant at Z = 0. It will be assumed also that, at Z = — oo, the medium is saturated 
with a liquid of density p , which is rising vertically at a steady uniform mass 
flow rate pW = p,W,, (cf. equation (1)). The liquid passes through the permeable 
boundary at Z == 0 and mixes with the layer of standing fluid. When this primary 
flow is very slow, thermal diffusion from the surface Z = 0 into the medium 
becomes important, and a thermal boundary layer appears. If the thermal 
diffusivity « taken in the Z-direction can be assumed constant, the steady-state 
primary density distribution is, from equations (2) and (4), 


P = Po + (P1— Poem? (6) 


since W, is a constant. 


m 
Mechanical dispersion is negligible, since it can be shown that the Péclet 
number of the flow through the pores is of the same order of magnitude as the 


ratio of a typical pore diameter to the thickness «/W,, of the thermal boundary 
layer. This ratio will be vanishingly small. It follows that the thermal diffusivity 
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can be taken to be isotropic, since the medium is isotropic, so that « is a scalar con- 
stant in equation (4). 

To examine the stability of the given primary flow, one considers the effect 
of superimposing small perturbations p, q;, and 6 (say) upon the given primary 
values of pressure, velocity and density, respectively. The perturbed values are 
substituted into equations (2), (3) and (4) and, after linearizing in the usual 
manner, one obtains the perturbation equations 


vr tit = 7 
Po ot Gn - ), (7) 

1 l dp | ae 
gre 0 ) fi | 8 
Py, gradp +k (> 9+) a W, +77Gm ( (8) 


0c} 00 
E— +0 op 


a woe ¢ 
ae + mag tage = KV", (9) 


where k is the unit vector in the upward (Z-) direction, and w,, is the Z-component 
of q;,. In these equations, the quantity dv/dp is assumed known from the proper- 
ties of the given liquid, while dp/dZ is given by (6). The pressure perturbation p 
and the horizontal components of q/,, can be eliminated by taking the divergence 
of (8), using (7), to give 


. 6 0 ( \ (gk dv \., 
 (vorad w 29 = ( 
div (vgrad wy) + © 57 (» 5) n (F+z W,, V20 = 0, (10) 


where V? = V?2—c?/0Z?. When w,, has been eliminated between (10) and (9), 
one obtains the linearized equation obeyed by the small density perturbation 6 


div |verad ( a) («v29- “ose ) 


A 


e 0 ( co gk dv 
|tx (: =e) +(E +15 ) Vi0 = 0. 
(11) 


The boundary conditions upon @ are as follows. At Z = 0, 6 = 0 and, using 
equations (2) and (3), one finds that the boundary condition p = 0 is equivalent 
to ew,,/6Z = 0 (Lapwood 1948). In terms of 4, 


2 {(dp\ (con 0 700 | 
-V29 — - = 
sa (az) («v9 Wn 57 E>) 3 


on Z = 0. When Z-> — ©, it is necessary that and the derivatives of # should 
tend to zero more rapidly than exp (W,, Z/k). 

It will be convenient to define the natural length unit of the system by the 
boundary-layer thickness «/W,,, taking a new dimensionless variable z = W,, Z/k. 
The same scale unit will be used to define dimensionless variables in the hori- 
zontal co-ordinates. Also, let 7 = v/v), where vp is the kinematic viscosity of the 
liquid when p = pp. 

From the form of the perturbation equation (11), it appears that separable 
solutions for the density disturbance possess the well-known cellular form of Ray- 
leigh instability (Pellew & Southwell 1940). Let 


0 = F(z) O,e, (12) 


dZ "OZ ct} 
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where ®, is a solution of the equation (Vj +a?) ®, = Osuch that the normal gradient 
of ®, vanishes on a vertical cell boundary. The wave-number a is characteristic 
of the variations of 4 in the horizontal plane, and is dimensionless since the length 
k/W,, has been taken as the unit in the horizontal co-ordinates. The operator Vj 
is expressed in terms of these non-dimensional variables. 

The eigenvalue equation governing F(z) follows when (12) is substituted into 
(11). There results 


(D(a D) — a?o} e~*(D® — D—a* — EQ) F + A, QD(oP) = a?AF, (13) 
where D=djdz, A, = €(py—Ppo)/pPy, Q= Kw/ WR, 
and i P1—Po (f+ W i) 
YoW, \Po = dp} 


In the derivation leading to equation (13), it has been assumed that the iso- 
tropic thermal diffusivity « is a constant, independent of temperature. Further 
assumptions are necesary in order to simplify the eigenvalue problem represented 
by (13) together with the boundary conditions upon 4. Suppose that the total 
density difference p,—/ is small compared with po, so that the ratio A,/E is 
small. In (13), if the term involving A, is neglected, the approximation is equiva- 
lent to discarding the first term in the equation of continuity (7). Also, replacing 
E by the constant HL, = E(p)) introduces an approximation of the same order. 
A further consequence of the assumption that (p; — P9)/P> is small compared with 
unity is that the quantity dv/dp can be taken constant, equal to (dv/dp), say, 
which is the value when p = py. Then A is a constant, and will be defined as the 
Rayleigh number for the system. 

If v is replaced by j/p in the expression for A, there results 


A = Polo + W, (**) -W,/h, (14) 
HoWn | "\dp}o ” pol 

where //, is the dynamic viscosity when p = /p. 

ividently, three physical phenomena affect the stability of the system. The 
first is gravitational instability of the well-known Rayleigh type. The second 
effect was noted by Saffman & Taylor (1958) in connexion with the instability 
of an interface between two immiscible liquids, moving normal to itself through 
a porous medium. These authors showed that, when the forcing liquid has the 
lower viscosity, there is a tendency for instability to appear at the interface. In 
the corresponding case here, the sign of the second term in the last line of (14) is 
positive (tending to produce instability) whenever the viscosity increases in the 
direction of the primary flow. It is found that no analogue exists for the third 
term of (14) inthe problem discussed by Saffman & Taylor. In the present problem 
the fluid is in motion with a constant rate of mass flow proportional to Wy. 
However, in the presence of a stationary gradient of density in the flow direction, 
the fluid must dilate or contract as it moves, and the magnitude of the volume 
flow rate W is not a constant. Since the fluid experiences a non-uniform body force 
proportional to —~W = —,W,,p,/p which opposes the flow, the stability of the 
system is increased when the density increases in the flow direction. 
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Using the approximate form of equation (13), it is easy to show that small 
disturbances vary with time in an aperiodic manner. Suppose that F and F are 
complex conjugate solutions of (13) which satisfy the given boundary conditions, 
with associated parameters (Q,a,A) and (Q,a,A), respectively. (A method of 
Pellew & Southwell (1940) can be used to show that the wave-number a is always 
real.) Then, from (13), it is found that 





F|? dz = 0; 


that is, the exponent Q in the time factor is always real. A criterion for neutral 
stability can be specified by putting Q = 0 in (13), when the particular disturb- 
ance being considered becomes neutral everywhere. Although this result is 
approximate, it would appear that, in the exact criterion for neutral stability, 
Q will differ from zero by O(A,) at most, and the error in a calculated eigen- 
function solution will be of the same order. The error in calculating a criterion 
for neutral stability will be O(A}). 
For later convenience, the functions 

G=e*(D?—D-a*)F and H = {D(cD)-a*o}G (15) 
are introduced. In the neutral case, G is proportional to the z-dependence of 
w,,, the perturbation to the vertical component of the disturbance motion, and 
H is proportional to F’. Then equations (15) and the approximate form of (13) 


give (D?-D-a)H =@AeG, (Q=0). (16) 


3. Solution of the problem 

Series solution. Consider the case of neutral stability, and neglect viscosity 
variations for the present except where these occur in the Rayleigh number (14). 
Then Q = 0 and o = 1 in (13). An appropriate series solution is 


x 
F= > A(A, expe,z+B, exp cz) e™ 
n=0 


A, F,+By fy say, (17) 
in which A, and BJ, are the two constants which are arbitrary. The coefficients 


A,,., (n > 0) are given by the recurrence relation 


Biss a 
A, — {(¢e, +n)? ak {(c, +n) (c, +n + 1) — a}? 
where c, = 1+a. For the relation giving B,,,,/B,,(n > 9), it is necessary to re- 
place c, by c. = $+(4+a?)}. 
When the boundary conditions F = DG = 0 at z = 0 are applied to (17), the 
constants A, and B, are found to be non-zero only if the characteristic equation 
F, FF; 
DG, DG, 
is satisfied at z = 0, where use is made of the notation of (15). The solution of 
(18) gives a relation connecting A and a. For a given value of a, there exists an 
infinity of distinct eigenvalues satisfying the problem, the lowest value of the 
set having the greatest physical significance. 


n 


A(z) = =f (18) 
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A convenient method of solving (18) consists in forming the differential equa- 
tion obeyed by A(z), solving the equation in series and then equating the appro- 
priate series solution to zero for z = 0 (see for example, Nicholson (1917)). After 
F’, and F, have been eliminated, it is found that A obeys the differential equation 


(D —2)(D—1) {D*(D—1)?—a2(2D—1)} A + 2a?Ae& (D+1)(2D-1)A =0. (19) 


Only one of the six solutions of (19) is relevant to the present problem, and is of 
the form - 
. 7 Ak+n) z 
b> C,Ane n)z. 
n=VU 


The recurrence relation governing the coefficients can be written 


Can — 2a7(k+1+n)(2k—14 2n) 


C,  (l+n)(k—14n)(k+n) (2k+n) (2k—2a+n)(2a+1+n)’ 
where k = a+}+(}+a?)! (the appropriate solution of the indicial equation) is 
determined by comparing the exponent of the leading term in the C,,-series with 
the corresponding exponent in (18). Putting z = 0 in the chosen solution of (19), 
one obtains an expansion of the characteristic equation 
> Y Y C; ( 2 
A= 50,2." = Co(1+ 1A(1422a(14.... 

\ C 0 ( 1 

mt (20) 


n=0 


\ 


where the constant C, is non-zero. If a is given, (20) becomes an equation of 
infinite order in A. Fortunately, the series converges rapidly for the lowest eigen- 
value, and (20) may be solved by iteration. 


a Xr 
0-42669 6-95400, 
0-42723 695396, 
0-42850 6-95394, 
0:42971 6-95396, 
0-43032 6-95403, 


TABLE 1. Values of the lowest root A for values of a near the point of maximum 
instability. 


Table 1 gives the values of the lowest root of equation (20) for five different 
values of a, using the first five terms of the series. When a = 0-4285, A passes 
through a minimum value of 6-9539—the critical point for neutral stability. 

The forms of the functions F and G for a neutral disturbance, calculated from 
equations (17) and (15), are shown in figure 1(b) and (c). A significant feature of 
these functions is that the velocity disturbance penetrates farther into the porous 
medium than does the density disturbance. 


Solution by Chandrasekhar’s method 


A calculation of the form of the neutral curve for the lowest eigenvalue will now 
be given, using the well-known approximate method of Chandrasekhar (1954). 
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The relevant differential equations are given by (16) and the second equation in 
(15). These reduce to a suitable form after the transformations 


K=e%H and €=-cz (c= (4a?+1)}) 


have been carried out. Then 
(D?—1) K = b?Ac SG (21) 


| 
and {D(cD) —b?o} G = “ae 2 K, (22) 


where D = d/d€ in this case and b = a/c. 





Z Z Z 
= a ae . p <— — F sy HS 
4 / oh 
W. a % 
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| 
| 
| | 4 c | 
FicureE 1. Instability of a liquid rising through a semi-infinite porous medium. (a) Primary 
density distribution; (b) dependence upon Z of the density perturbation at neutral stability ; 
(c) dependence upon Z of the perturbation to the vertical mass flow at neutral stability. 


In the right-hand side of (22), one can substitute for K the expansion in ortho- 


gonal functions 7 
K(f) = fe OA, (23) 


are Laguerre polynomials (Morse & Feshbach 1953, p. 784). The set of Laguerre 
polynomials L}(f) (n = 0, 1, 2,...) is complete, and the expansion (23) satisfies 
the boundary conditions K = 0at € = Oand K + Oexponentially as € > +00. 
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Assuming for the present that 7 = 1 in (22), one solves the equation for @, 
subject to the boundary conditions DG = 0 at € = 0 and G > 0 exponentially as 
€->+o. This solution and the expansion (23) for K are substituted into (21). 
Now, if (21) is multiplied through by Ce~# Z1,(f) (m = 0, 1, 2, ...) and integrated 
with respect to ¢ over the range (0, 00), an infinite set of equations results 

23 


: ( iC 
yA 7 ae r+1)2}=0 (m=0,1,2,...), 24 
on n | mn ar nin ( Y ) ( ) ( ) 


where 6,,,, is the Kronecker delta, and 
ae 5 1(Q, P) + L(Q, Q) + 1,(Q, P) se I,(P, Q)}mn 
(P—1)"(Q—1)" 


in which 


(Li) mn(P. Q@) = (m+ 1) (n+ 1) 


Pmt2gnte 
vom, Orie C+e-—s- 1" e-1P 
a (Le)mn(P, @) = n! lar (P+Q—u)™?(u-Q) Juco 


Here P = (c+1—2a)/2c and Q = (c+1+ 2a)/2c, with c defined as before. In the 


particular case m = n = 0, it is found that 


m8 f 2. fF ht i 
tog re ake = 


The characteristic equation obtained from (24) by eliminating the constants A, 
must be an infinite determinant. However, satisfactory accuracy can be obtained 
in the calculation of the lowest eigenvalue A by equating the leading term to zero. 
The full-line curve of figure 2 has been calculated in this way. The curve is 
qualitatively similar toa neutral curve of Rayleighinstability in a porous medium, 
although the minimum occurs at a lower value of A and a lower value of a than 
would be found for horizontal planes spaced a distance x/W,, apart. When 
a = 0-4285, this approximate method gives A = 6-9735—a result less than 0-3 % 
higher than the ‘exact’ value (ef. table 1). 

At first, the appearance of a minimum at a finite value of a in the neutral curve 
for this stability problem would seem to be surprising. By contrast, when a 
horizontal layer of saturated porous material separates two static liquids which 
differ in density, it can be shown that the critical Rayleigh number decreases to a 
minimum value only when the horizontal wave-number of the disturbance 
tends to zero. A brief heuristic explanation follows. As z > —©, a density dis- 
turbance of small wave-number a tends to zero approximately as e’, i.e. the dis- 
turbance is confined to a boundary layer of constant thickness («/W,, in dimen- 
sional units) in which vertical diffusion effects are important and are independent 
of a. However, the fluid motion associated with the disturbance tends to zero 
as e“, so that, since a roughly similar flow pattern exists for differing small values 
of a, the path length must vary as 1/a. Consequently, the rate of growth of such 
a disturbance will be proportional to a. It follows that the critical Rayleigh 
number must tend to infinity as 1/a when a > 0, and this is what is actually 


found. 
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It is of interest to note that a similar argument, leading to the conclusion that 
the flow-path length varies as 1/a, indicates the reason for the linear dependence 
of w upon a found by Saffman & Taylor (1958). Here w is the rate of growth of a 
disturbance (of wave-number a) to the interface between two immiscible fluids 
in a porous medium. 

At large values of a, the curve of neutral stability in figure 2 becomes parabolic. 
This occurs because the disturbance is concentrated near the surface of the 
medium in a region where the density gradient is approximately constant, and 


o,'= 05 








i 1 


05 1 
a 


FIGURE 2. Approximate curves showing the value of the Rayleigh number A for neutral 
stability plotted as a function of the dimensionless wave-number a. The kinematic vis- 
cosity has the functional form 


vw 





v = %(1+00e"), 
where @9 is assumed constant. 


the horizontal dimensions of a typical convection cell are very small compared 
with the vertical height. Under these conditions, the tendency of the disturbance 
to grow under the action of vertical forces is independent of the wave-number a, 
but damping takes place by transverse diffusion, which is proportional to a?. 
Similar considerations apply to the motion of a long convection cell in a vertical 
tube filled with porous material (Wooding 1959). 

An extension of the present method has been used to estimate the effects 
of variations in kinematic viscosity v which have been neglected in the two 
previous solutions. For example, if v is proportional to p, one has o = 1+ 04’, 
where o% = v9 1(dv/dp))(p,—Po). It is then necessary to solve equation (22 
approximately. When o; = 0-5 (a positive value, for which the viscosity in- 
creases upwards), the curve of neutral stability is modified approximately as 
shown by the broken-line curve in figure 2. There is an increase in stability, 
especially at the higher wave-numbers. An increase in the critical value of the 
Rayleigh number is found, and the corresponding value of the wave-number is 
decreased. These effects arise because the fluid motion due to a disturbance of 
high wave-number is restricted to a layer close to the surface of the medium, 
where v x ¥o(1+04), whereas the fluid flow due to a disturbance of low wave- 
number penetrates more deeply into the medium, where v ~ Vp. 
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On the dynamics of unsteady gravity waves of 
finite amplitude 


Part 1. The elementary interactions 


By O. M. PHILLIPS 
Mechanics Department, The Johns Hopkins University, 
Baltimore, Maryland 


(Received 12 March 1960) 


This paper is concerned with the non-linear interactions between pairs of inter- 
secting gravity wave trains of arbitrary wavelength and direction on the surface 
of water whose depth is large compared with any of the wavelengths involved. 
An equation is set up to describe the time history of the Fourier components of 
the surface displacement in which are retained terms whose magnitude is of 
order (slope)? relative to the linear (first-order) terms. The second-order terms 
give rise to Fourier components with wave-numbers and frequencies formed by 
the sums and differences of those of the primary components, and the amplitudes 
of these secondary components is always bounded in time and small in magnitude. 
The phase velocity of the secondary components is always different from the 
phase velocity of a free infinitesimal wave of the same wave-number. However, 
the third-order terms can give rise to tertiary components whose phase velocity is 
equal to the phase velocity of a free infinitesimal wave of the same wave-number, 
and when this condition is satisfied the amplitude of the tertiary component 
grows linearly with time in a resonant manner, and there is a continuing flux of 
potential energy from one wave-number to another. The time scale of the growth 
of the tertiary component is of order of the (— 2)-power of the geometric mean of 
the primary wave slopes times the period of the tertiary wave. The Stokes per- 
manent wave appears as a special case, in which the tertiary wave-number is the 
same as that of the primary, but its phase is advanced by 47. The energy transfer 
to the tertiary component in this case is usually interpreted as an increase in 
the phase velocity of the wave. 

The dynamical interactions in water of finite depth are considered briefly, and 
it is shown that the amplitude of the secondary components becomes large 
(though bounded in time) as the water depth becomes smaller than the wave- 
length of the longest primary wave. 


1. Introduction 


In this paper, a start is made towards developing a theory to describe the 
dynamics of the non-linear interactions of a random field of gravity waves of 
finite amplitude, such as is generated by wind blowing over the sea. In the initial 
stages of the development of an ocean wave system under the influence of wind, 
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it is probable that the resonance theory (Phillips 1957, 19586) provides the 
dominant mechanism whereby energy is transferred from the wind to the waves. 
As the waves develop, however, some ‘sheltering’ mechanism such as that 
described by Miles (1957, 1959) for infinitesimal waves, becomes increasingly 
effective. Also there is the certainty that sooner or later the wave amplitudes 
will be such that non-linear interactions among the wave components begin to 
modify the rate of growth of a particular Fourier component by interchange of 
energy from one component to another. We have, at present, no indication 
whether this will occur before, or after, the sheltering effect has become dominant 
nor of the interplay between these two mechanisms. Ultimately, however, if 
the wind duration is sufficiently great, it appears that a saturation value of the 
spectral amplitude may be attained (Phillips 1958a) beyond which any further 
development results in an instability of the sea surface and a loss of energy from 
the wave system by the formation of ‘white-caps’ or ‘white horses’. 

It is clear that in order to evaluate the relative roles of the various mechanisms 
during the generation, a statistical theory of the non-linear interactions will 
have to be set up. But a number of difficulties present themselves. The most 
feasible method of approach seems to be in terms of a series development rather 
analogous to the classical finite amplitude approximations (see Lamb 1932, for 
example). If we form, say, the covariance of the surface elevation, it might be 
anticipated that our dynamical equation will contain terms involving third, 
fourth, and all higher order covariances of the surface displacement, and in fact 
the dynamical equation for the covariance of any order involves all higher orders. 
(This is reminiscent of the theory of turbulence—see, for example, Batchelor 
(1953)—but there the equation for the covariance of order n involves only the 
order n +1 in addition.) It seems evident that, in order to make progress, some 
approximation must be made, either in truncation of the sequences or on the 
probability distribution of the surface displacement, one possibility being the 
joint normal distribution hypothesis which enables the fourth covariances to be 
related to the second. But until we know something of the essential properties 
of the interaction process, it is difficult to make an intelligent approximation 
which will retain these properties in our statistical theory. 

The purpose of the present paper is therefore to examine in some detail the 
‘elementary’ dynamical interactions between pairs and among triads of wave 
components with different wavelengths and directions in order to discover the 
conditions under which a significant and continuing energy transfer can take 
place. In the following pages are developed a set of series expansions leading 
to a dynamical equation involving dB(k,t), the Fourier—Stieltjes transform of 
the surface displacement, which is the most accessible experimental observable. 
We have chosen to use the Fourier-Stieltjes component dB(k) rather than the 
Fourier coefficient B(k) (which would be slightly more convenient for these 
elementary interactions) in order that the basic equations be directly applicable 
to the case of a random sea. Terms are retained to the third order, and we investi- 
gate in turn the secondary wave components arising from the second-order 
interactions of two primary waves and the tertiary wave components from the 
third-order interactions of either a primary wave with a secondary wave or of 
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three primary waves. We seek the particular types of interaction that are capable 
of providing a continuing transfer of energy from one component of the wave 
field to another, so that the latter grows at the expense of the former. With this 
information there is the possibility of making a meaningful approximation to 
the statistical problem, fully cognizant of the aspects of the interactions that 
we neglect and those that we retain. 


2. Specification of the motion 


Let us suppose that the surface displacement £(x,t) is a stationary random 
function or a periodic function of position x = (x,y), but not necessarily of time, 
so that we can use the Fourier—Stieltjes representation 


£(x, t) = [dBi 0, (2.1) 


where the integration is over the entire wave-number plane. If &(x, t) is periodic 
in space, dB(k, t) degenerates (see Lighthill 1958) to a grid or row of Dirac delta 
functions multiplied by the element of area in the k-plane. We assume that the 
water motion is irrotational so that the velocity potentialt ¢(x,0,t) at the 
horizontal plane z = 0 of the equilibrium free surface is likewise a stationary 
random (or periodic) function of x. The Fourier—Stieltjes transform dA(k, t) is 

given by . 
d(x, 0,t) = | dA(k,t) ei, (2.2) 

Jk 


Our primary concern is with the case of deep water, so that we seek the solution of 
V?4(x, z) = 0, (2.3) 


with the boundary condition (2.2) at z = 0 and 


@>0 as 2>00. (2.4) 
This solution is given by 
f » oe —kz pik.z or 
?(x, z,t) = | dA(k, t) e-™ e™-*, (2.5) 
where k = |k| and z is taken vertically downwards. 


The immediate problem is to develop a dynamical equation describing the 
time history of d&(k,t) from (2.5) and the kinematic and dynamic boundary 
conditions on the free surface z = —&. 

The Fourier-Stieltjes transform dB(k,t) is intimately related to the dis- 
tribution of potential energy per unit area among the components of the wave 
field. The mean potential energy per unit projected surface area is (Lamb 
1932, p. 428) 

V = hpge 


= log [v6 ak, (2.6) 


t Or its analytic continuation at points x where the free surface is below z = 0. 


13-2 
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where the potential energy spectrum ‘’(k) is given from (2.1) by 


_ dB(k)dB*(k) 


w - 27 
a = a aiid 


the star denoting a complex conjugate. Non-linear interactions among the 
components ¢B(k) can therefore be interpreted in terms of transfer of potential 
energy from one wave-number to another. The total energy of the motion is, 
of course, made up of potential and kinetic energy (in equal parts for infinitesimal 
waves), and there is continuous interchange between the two, but for finite 
amplitude waves the definition of a meaningful kinetic energy spectrum presents 
some difficulties. This matter will be taken up in Part II of this paper, since it 
will not be involved in our present considerations. 


3. The equation of motion 
(1) The kinematic boundary condition 


At the surface z = — (x,t), 


II 


DE 2 
Dt ¢ 
= —(0¢/02)_¢, (3.1) 


where V represents the two-dimensional gradient operator (¢/0x,¢/Cy) and u, 
the downwards vertical velocity component. Thus 


al ee 
o£ CO : ‘ 
x -( ~(Vd)_¢. VE. (3.2) 
ct a 

On replacing € and ¢ by their Fourier-Stieltjes representations, we obtain 


| dB’ (Ky, t) exp (tKy. x) = | dA (Ko, t) exp (ky &) exp (tKy. X) 
ky 


Ld 0 . 
+ | I k,.k,dA(k,, t) exp (k£) dB(k,, t) exp [i(K, + K,).x], 
where the prime denotes a time differentiation. Expanding the factors exp (k)£) 
as power series and using (2.1) again, we obtain 


| dB’ (Ky, t) exp (7K, . x) 


=| kydA(ky,t) exp (iky.x) 
o ky 


¥ (n!) ot ... | kt*1dA(k,)dB(k,) ... dB(k,,) 
dk, J Kn 
x exp [7(Ky+k,+...+kK,).x] 


+| S [(m— 1)!" | oe k,.k, kid (k,) dB(k,) ... dB(k,,) 
k, 2=1 Jk, J Kn 


. 


x exp [i(K,y+k,+...+k,).x]. (3.3) 
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In the nth term of each of the summations make the change of variable 


k = k,+k,+...+k,, 


atl | (3.4) 
k, = k, | 
and replace k, by k in the single integrals, and it follows that 
dB'(k,t) = kd A(k, t)+ = a of _ ‘ I)! |k —k,—...—k,|"" 
“ F ee -k,) 
x dA(k—k, —... —k,,)dB(k,) ... dB(k,), | (3.5) 


where we assume that the series converges sufficiently rapidly that under at 
least some conditions (to be specified more precisely later) the first few terms 
suffice for a good approximation. 

The equation (3.5) is the direct Fourier-Stieltjes representation of the kine- 
matic boundary condition (3.2). It will be convenient to express dA(k,t), the 
Fourier-Stieltjes transform of $(x,0,f) in terms of dB(k,t) and its time deri- 
vatives. From the first few terms of (3.5), 

kd A(k) = dB’(k) - | {|k — k,|*+k,.(k—k,)}dA(k—k,)dB(k,) 


Od k, 


ay a 


=] |. |k—k,—k,| {J |k—k, —k,|?+k,.(k—k, —k,)} 
k, J k, 
x dA(k —k, — k,) dB(k,) dB(k,), 


and by successive substitutions for dA(k — k,) and dA(k — k, — k,) on the right- 
hand side, we find that, correct to third-order terms, 


a 


dA(k) = k1dB(k)—| D,(k, k,) dB’(k —k,)dB(k,) 
Jk, 


~ fe , I D,(k, k,, k,)dB'(k — k, — k,) dB(k,) dB(k,), (3.6) 


o By 





where 
k.(k—k,) 
D,(k, k,) = ’ 
1( 1) k|k—k,| | 
D,(k, k,, k,) = } |k—k, —k,|? +k, .(k—k, —k,) (3.7) 
_k.(k—k,) (k—k,).(k—k,—k,) | 


|k—k,| |k —k, —k,| 


(ii) The dynamical boundary condition 
Provided we restrict our attention to wave-numbers less than about 2cm~! for 
which surface tension effects in an air-water system are unimportant, the pres- 
sure at the free surface z = — £(x, t) is continuous, so that 


“A 
_ (J) +4(u?)_. +96, (3.8) 





198 O. M. Phillips 


where p represents the pressure on the surface resulting from the air motion, 
p the water density and g the gravitational acceleration. The Fourier-—Stieltjes 
transform of p(x, ¢) can be defined by 


p(x, t) = [dock ems (3.9) 


while the corresponding transform of £(x,t) is dB(k,t). It remains to develop 
expansions, correct to third order, of the other two terms of (3.8). 
Let re 


e¢ : 
(3) = | dO(k, es, say, 


a | dA'(k, t) o#€ cit-x, (3.10) 
from (2.5).+ The exponential term in (3.10) is expanded, on the supposition that 


ké is small (in mean square), and after changing the variables of integration as 
in (3.4), we find that 


dC(k,t) = dA'(k,t) + | |k —k,| dA’(k —k,) dB(k,) 
k, 





e 


+5 | | |k —k, —k,|2d4'(k—k, —k,)dB(k,)dB(k,), (3.11) 


k, J k, 


correct to the third order The expression (3.6) can now be used to eliminate 
dA(k) from the right-hand side, which becomes, to this order, 


dC(k,t) = k1dB"(k,t)+ | {1—D,(k, k,)}dB"(k—k,) dB(k,) 
k x 1 1 1 


- D,(k, k,) dB'(k — k,) dB’(k,) 
k, 
. | E(k, k,, k,) dB"(k —k, —k,) dB(k,) dB(k,) 
id ky 
- i F(k, k,, k,) dB’(k —k, —k,)dB’(k,)dB(k,), (3.12) 
id k, 
where 


E(k, k,, Ky) = kD,(k, k,, ky) + |k — k,| D,(k — ky, k,) — 4 |k —k, — ks], 





3.13 
F(k, k,, k,) = k~[D,(k, k,, k,) + D,(k, k,, k,)]+ |k—k, D,(k —k,, k,),) sai 
and the functions D, and D, are as given previously in (3.7). 
Finally, the horizontal velocity components at the surface are given by 
(u,,u,) = Vd = i | KdA(k, 1) eo, (3.14) 
where V = (0/éz,,0/0x,), and the vertical velocity component by 
', = = = [ back, nes ez, (3.15) 


+ Note that (“) rm (d)_z since £ = £(x, t). 
ot =e ot ° 
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ut=[_ [Cok — Ky. Ie] (ke) dA (hs) exp [ko +&,) EJ exp Lilly +1) .]. 
ee (3.16) 


The reduction of this expression to a series of terms involving integrations over 
dB(k,t) and its time derivatives proceeds along the same lines as before. The 
three steps are (a) expansion of the factor exp [(k, + k,) &] (here two terms suffice 
to given an expression correct to third order), (b) a change of the integration 
variables to the set (3.4), and (c) elimination of dA(k,t) from the integrals by 
using (3.6). The reader who follows the calculation through in detail will notice 
that he obtains two third-order terms involving integrals over 


dB’ (k — k,)dB'(k, — k,) dB(k,) 
and dB'(k —k, —k,)dB'(k,) dB(k,). 


The first form can be reduced to the second by an obvious further change of 
variable. The end result of this calculation is that the Fourier-Stieltjes transform 
of (u*)_, is found to be 


a 


(, kk. 1)\ 
le ae =} | eB k,) dB’(k,) 


cr 


a 


-| | G(k, k,, k,) dB’(k —_k, —k,) dB’(k,)dB(k,), (3.17) 
k, J k, 


where 
: k, .(k—k 
ek tk) = A ERE Pt 
{ "i a me k,)| 


k, .(k—k, —k,) ; 

—Sh = ht sic. 1 2 3.18 

fk, + |k—k, ash L, kk, -k,| (3.18) 

The Fourier-Stieltjes transform of the dynamical boundary condition (3.8) 

can now be expressed in terms of da(k, t) and of dB(k, t) and its time derivatives. 

From (3.12) and (3.17), together with the supplementary conditions (3.13) and 
(3.18), it is found, after a little algebra that 


~p-dau(k) = k-1dB’(k) + gd B(k) 


+ | H,(k, k,) dB"(k —k,)dB(k,)+ | H,(k, k,) dB’(k —k,) dB’(k,) 
k, « k, 


-| H,(k, k,, k,) dB" (k —k, — k,) dB(k,) dB(k,) 
1 k, 


a 


io | _ Hill, ky, ky) dB" (ke— ky, — ky) dB (ki) dB(,), (3.19) 
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where all the transform functions are understood to be functions of time ¢ also, 
and the primes represent differentiations with respect to ¢. The functions 
H,, ..., H, are given by 


k.(k—k,) 
H,(k, k,) = 1- t\|k—k,| 
= 1—cosé 
= H,(—k, —k,); (3.20) 
l k,.(k—k k.(k—k 
H,(k, k,) = 5|!- a eS 
= 4(1—cos@)—cos@ 
= H,(—k, —k,), (3.21) 








FIGURE | 


the angles 7 and ¢ being illustrated in figure 1; 











H,(k, k,, k,) = (2k)-! |k —k, —k,|?—$ |k—k, ee 
| (k— -k,). (k- k,- we ){, k.(k—k,)) 
_— of UY Elie Iq 
= H,(—k, —k,, —k,); (3.22) 


(k—k,).(k—k,—k,){, _k,.(k—k,)_ ,k.(k—k,)) 


Risa) = 2|k—k, —k,| \'~ & [k-k, ~~ k|k—k,| J 





_ (Ki + Ke) ‘Ky {,_ (Ki +k). (k— — Ka) 
2k, | |k, —k,| J 
a) (k= Kee), (Ke he), He (hehe) 
l ok * k 








ii f,_ k,.(k—k —k,)| 
Bhs + [he Ky Ke} 


whinge, ie (3.23) 


Equation (3.19) describes the motion of the free surface retaining terms to the 
third order. The terms involving a single integration describe the second-order 
interactions and those involving a double integration the third-order inter- 
actions. It is clear that these interactions are generally rather complicated 
algebraically; our aim is to discover the types of interaction that are most signi- 
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ficant and which can be described in simple physical terms. In the present paper, 
we examine the wave dynamics when the air is undisturbed by wind, so that we 


can take du(k,t) = 0 


in the following sections. We will first examine the properties of the second-order 
interactions by neglecting the double integral terms in (3.19) and in § 5 we discuss 
some general properties of the full equation. 


4. Secondary wave components 

If two primary wave trains of wave-numbers «, and x, interact, the second- 
order terms of (3.19) generate components with wave-numbers k, + kK, and k, — Ky. 
These products of binary interactions between primary components can con- 
veniently be called ‘secondary’ waves, and similarly the components arising 
from the interactions among three primary waves or between a primary and 
a secondary wave can be called ‘tertiary’ components. 

Solutions to (3.19) from given initial conditions will be sought by the usual 
perturbation technique. The Fourier component dB(k,t) of the surface dis- 
placement is represented as the sum of primary, secondary, and higher com- 
ponents in a manner analogous to the classical Stokes expansion 


dB(k, t) = dB,(k, t)+dB,(k,t)+dB,(k,t)+..., (4.1) 
where dB,(K, t) is the solution to the linear equation 
k-1d Bi (k, t) + gdB,(k, t) = 0, (4.2) 


and it is supposed that 
| (@B,(k, t)| > |[dB,(k,t)| > ..., (4.3) 
where the overbar indicates the ensemble average. The next approximation, 
yielding the secondary wave components is made by substituting 
dB,(k,t)+dB,(k,t) for dB(k,t) 
into (3.19) and retaining only the lowest (second)-order terms in the non-linear 
integrals. In virtue of (4.2), we have 


a 


k-1dBa(k) + gd B,(k) = = H,(k, k,) BY (k —k,) dB,(k,) 
k, 


-| H,(k, k,) dBi(k—k,)dBi(k,). (4.4) 
k, 


The tertiary components are found, likewise, by including the next term in the 
expansion, and it is found that 


kd Ba(k) + gdB,(k) = —| H,(k, k,) (dBY(k —k,) dB,(k,) + dBY(k — k,) dB,(k,)] 


ky, 


- [ H,(k, k,) (4B, (k — k,) dB,(k,) + dBy(k — k,) dBi(k,)] 


~ 31 


+ | I H,(k, k,, k,) dBY(k —_k, — k,) dB,(k,) dB, (ky) 
id k, 


+ | } H,(k, k,, k,) dB, (k — k, — k,) dB,(k,) dB, (k,). 
k, J 2 


Consideration of this last equation is postponed to § 5. (4.5) 
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4.1. Single wave train 
The simplest problem is to calculate the secondary components generated by 
the interaction of an initial sine wave with itself. Although the result is well known 
the derivation will be discussed in some detail primarily to illustrate a systematic 
method of selection of the relevant constituents of the interaction. The analysis 
of more complicated situations follows exactly the same lines, so that much of 
the detail can be omitted in later sections. 
Suppose that 


dB,(k,t) = 4a{d(l1—1,) exp (— ingot) + (1+ 1)) exp (ingt)} d(m)dldm, (4.6) 
where ny = (gly), (4.7) 


6(/) and 6(m) represent the Dirac delta functions and k = (/,m). The expression 
(4.6) satisfies (4.2) and is the Fourier—Stieltjes representation of the primary 
component em die , 
£,(x,t) = acos (Iba — not). (4.8) 

The secondary components are determined by (4.4). When dB,(Kk, ¢) is of the 
form (4.6), the integral over the wave-numbers k, has contributions only when 
both k, = (+1), 0) and k—k, = (+1), 0), so ti .. the right-hand side is non-zero 
only near k = (+ 2/,,0) and (0,0). The formal process of solution is facilitated 
by integrating the whole equation over a small range containing in turn each of 
the singular points of the Dirac delta functions, so that the Fourier-Stieltjes 
transforms degenerate to the coefficients of a Fourier series. If 


(CKite (Kate 
B,(K,t) = | | dB,(k, t), 


K,—e J K,-€ 


where K = (K,, K,) = (+ 2), 0) or (0,0), equation (4.4) becomes 


BYK,t)+ 9K BK,t) = —K| | {H,(k, k,) dBy(k — k,) dB,(k,) 
kJ k, 
+ H,(k, k,) dBi(k —k,) dBi(k,)}, (4.9) 


where the k-integration is between the limits specified above. Substitution of 
(4.6) into the right-hand side of (4.9) gives rise to eight terms, and it is a simple 
matter to pick out the ones relevant to each of the three significant values of K. 

When K = (21,0), we require k = (2/),0), k, = (J),0), so that from (4.6) 
and (4.9), 


d? ' , 
7 21] By(2lp, t) = 402ng ly exp (— 2ingt) {Hy(21p, Io) + Ho(2lo,Up)}, (4.10) 
where only the x-components of the vector arguments are specified explicitly 
(the components in the y-direction are all zero). Similarly, when K = (— 21), 0), 
k = (—2/),0) and k, = (—J, 0) so that 


2 
ee + 29] B,( — 2lp,t) = 422n2 1 exp (2ingt){H,(—2lp, — 1p) + Ho(— 2lo, —Ip)}- (4.11) 











or 
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The case K = 0 is trivial, the equation reducing to 
a2 
—. B,(0,t) = 0. 
dt? a( ? ) 


Under the present circumstances, the functions H,(k,k,) and H,(k, k,) 
simplify considerably. Here k and k,, are of the forms (Ky, 0) and (K,, 0) respec- 
tively, and from the definitions (3.20) and (3.21), 

H(K,,%,)=4,(-K, —K,)=90 if K,>K,, 
=2 if EK,>&,> 4; 
H,( Ky, K,) = H,(-—K,,-K,)=90 if Ko, K, of opposite sign, - (4.12) 
=-l1 if K,>K,>09, 
=2 if K,>X,> 0. 
The equations for the secondary components can thus be combined in the form 


a a+ 219} Bo( + 2lo,t) = — $a?ngl, exp ( F 2ingt). (4.33) 


Since the initial wave field was sinusoidal, the initial conditions to be imposed 
on the component J, are that 


B,=B,=0 at t=0 
and the solution is readily found to be 
B,( + 2ly, t) = }l,a2 exp ( F 2inot) + 3(V/[2]— 1) la? exp ( + t,/ [2] not) 
—}(/[2]+ 1) l,a%exp(Fi,/[2] mot), (4.14) 
where 2, = (gl,)?. In physical space, the secondary wave components are given by 
£,(x,t) = By(2l) exp (2tl)x) + B,( — 21) exp (— 2t1) x) 
= $1,a? cos (21) — 2ngt) + 3(./[2] — 1) lya? cos (21,2 + /[2] not) 
— F(V[2]+ 1) la? cos (2l)x—/[2] mot), (4.15) 
and the solution to the problem, correct to the second order, is 
E(x, t) = afcos (l)a — not) + $1, cos 2(1,x% — ngt)} 
+ 41)a{(,/[2] — 1) cos (20) x + \/[2] mot) — (¥[2] + 1) cos (21,2 — ./[2] not)}. 
(4.16) 


Certain properties of this solution are of interest in relation to the analysis of 
more complex situations later. The secondary wave components are of two types. 
The first is a ‘bound secondary’ component, given by the first term of (4.15), 
which has half the wavelength and twice the frequency of the primary component, 
and so travels at the same phase velocity of the primary. It represents a dis- 
tortion of the initial sine wave; the first two terms of (4.16) specify a Stokes 
permanent wave to this order. The remaining terms come from the comple- 
mentary function in the solution to (4.13), and their amplitude depends on the 
particular initial conditions chosen for B,( + 2l),t). They have half the wave- 





204 O. M. Phillips 


length of the primary wave and ,/2 times the frequency, so that their velocity is 
that of free infinitesimal waves of the same wave-number. These can be called 
‘free secondary components’, and they are dynamically similar to the primary 
components but their amplitude is smaller by a factor of order al, < 1. 

A point of particular interest is that the amplitudes of the secondary com- 
ponents are bounded in time. From the point of view of potential energy transfer, 
the second-order interactions in this case merely transfer a pulse of energy to 
the wave-number 2/,, but this does not continue. The Stokes permanent wave and 
the free secondary waves propagate independently (to this order) and do not 
interact further. 


4.2. Two intersecting wave trains 
Suppose that at time ¢ = 0, the surface displacement and velocity correspond 
to two intersecting sinusoidal waves with wave-numbers Ky, = (/),m,) and 
K, = (/,,m,). The primary wave field is thus 


£,(x,t) = acos(K,.x—n,t)+f/cos(K,.x—n,?), (4.17) 
whose Fourier-Stieltjes representation is given by 
dB,(k,t) = $a{d(k—K,) exp (—inot) + (K+ K,) exp (ingt)} dk 
+ 4/{d(k —K,) exp (—in,t)+6(k+K,) exp (in,t)}dk, (4.18) 


where 6(k —K,) = d(/—1,) d(m—m,) and dk = dldm. Substitution of (4.18) into 
the linear equation (4.2) determines the frequencies n, and n, of these primary 


components : 2 9 2)} 
ny = gKo = gtlo + mo}?,) (4.19) 
ni = gK,= gilz+miit.J 


The substitution of (4.18) into the perturbation integrals of (4.4) for the secondary 
wave components gives rise to a total of 32 terms, not all of which however are of 
present interest. Four pairs of terms describe the development of wave-numbers 
+2K, and + 2K,, and the generation of the Stokes waves discussed previously. 
A total of eight terms give the trivial zero wave-number case. The remaining 
sixteen gives the contributions at wave-numbers +(K,+K,) and +(K,—K,), 
and these are the ones that we wish to select. 

When K = (K,—K,), k = (K,—K,) and k, = K, or —K,. Selecting out the 
relevant terms and integrating over a small range including the Dirac delta 
functions to reduce the Fourier-Stieltjes transforms to Fourier coefficients, one 
finds that 


| B(K,—K,,t) 


d? 
Fe +9 |Ky aa K,|| 


| 


= } |K, = K,| apexp {—t(m)— 7) t} {ni H,(Ky — K,, Ky) + nyn, H,(K, — K,, K,) 
+2 H,(K,—K,, —K,)+7 n,H,(K)—K,, —K,)} (4.20) 


= }|K,—K,| «Pngn, exp {—1t(m9— 2) t} P(n9/n,, 9,9), (4.21) 
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say, where 


n n ia = n 
r(%*, 0,9) =" H(Ky—K,, Ko) + Hy(Ky— Ky, Ky) +"° Hy(&)—K,, Ky) 
1 
k (Ky i K,, a K,) 
? _ 
= 7 H(~K,+K,, -K)+5\(—K,+K,, —Ky 


Ng 
+" H,(—Ky+K,,K,) + H,(—Ky+K,,K,), (4.22) 
1 
in virtue of (3.20) and (3.21). 


Similarly, when K = —(K,—K,), k =—(K,—K,) and k, =—K, or K,. 


Selecting the relevant terms in this case we obtain 
|v" 4.9 |K,—K,|| Bo —(K,—K,),8 
\ae 9! a ai — ( or 1) j 
>. . No f 4 2 o« 
= }|K)—K,| aPngnyI (” ,9,d) exp {i(m) —,) fh, (4.23) 
Ny 
the function [ occurring again by (4.22). 


For the other secondary components, when K = + (K,+K,), k = +(K,+K,) 
and k, = +K, or +K,, the selection procedure gives 


d? ales ; 
satg IK, +K,|) B,{ + (Ky + Ky), 8} 


, Nn sian 
=] [Ky +K,| 2fngm,A("°, 0, 2) eEXpl{FU(mot+m,)t}, (4.24) 


To | 
where a(*, 0, 3) - nt H,(Ky + K,, Ky) + Ho(Ky + Ky, Ky) 
1 0 
+79 Hy(Ky + Ky, Ky) + Hy(Ko +Ky, Ky) (4.25) 
1 


is symmetrical with respect to changes in sign of both the vector arguments or 
with respect to interchange of K, and K,. 
The equations (4.21), (4.23) and (4.24) are all of the form 





(4.26) 


or B=- 


The former possibility represents the secondary components of bounded ampli- 
tude that we have encountered in the previous section. The latter type of solu- 
tion, however, would represent a secondary wave component whose amplitude 
increases with time, or, in terms of the potential energy spectrum, it would 
represent a continuing energy transfer from one component of the wave field to 
another. 
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The condition that is required for a continuing transfer of potential energy 
between different wave-numbers is now clear. It is that the perturbation term 
for a certain wave-number should have a frequency equal to the frequency of 
free infinitesimal surface waves of the same wave-number. In other words, the 
non-linear perturbation terms represent a moving disturbance that induces a 
forced motion of the higher order components. If the frequency of the disturbance 
term of a certain wave-number is equal to the frequency of a free infinitesimal 
wave of the same wave-number, then a resonance occurs, and the amplitude of 
the forced, higher order component grows rapidly. This type of resonance is 
closely analogous to that which occurs when a turbulent wind blows across the 
water surface (Phillips 1957), and we should perhaps not be surprised to find a 
similar mechanism here in view of the nature of the governing equations (4.4) 
and (4.5). 

Is there the possibility of such a resonance within this second approximation ? 
Are there real wave-number vectors K, and K, such that. as required by equations 


(4.23) and (4.24), g|Ky+Ky| = (%+7,)?? (4.27) 
We have y= (gKy)}, n= _ 
and let K, - (i, My) = (kK 90> sin } o» Ko cos Yo)» 


K, = (l,,m,) = (K,siny,, K,cosy;,), 
so that y,—y, is the angle between the two vectors. Squaring both sides of (4.27), 


we find that 
K2+ K2+2K,K,cos(y)—y,) = K3+K?+6K,K,+4(K,K,)} (K,+X)), 


4/2 ceatetl )| 


or cos (Yyp—7¥1) = + 3+ * (K,K,) sf (4.28) 


But since K, > 0, K, > 90, 
4(K,+K,) > (K,K,)}, 

except when A, = A,. Clearly, then, there are no real solutions to (4.27) and 
(4.28) except for the difference wave-number when A, = K,, yy—y, = 0 that 
is, the zero wave-number case of the previous section which is trivial, since the 
coefficient A in (4.26) is zero. We conclude, then, that such solutions cannot 
occur in the second-order interactions and that these do not give rise to a con- 
tinuing energy transfer. 

The solutions to (4.21), (4.23) and (4.24), being all of the first type of the set 
(4.26) can now be written down without difficulty. For the difference wave- 
numbers +(K,—K,), the Fourier components of the secondary waves are 


apngn, |Ky—K,| P(n9/24, 9, 9) - 
= EXP, Fiu(m—7N,)t}, (4.29 
4{q|K,—K,| —()—7,)?} lite le — 


_ ann, |Ky+K,| A(ng/n,. 9, 9) 
4{g |Ky + K,| —(%+7)*} 


a a 


exp{Fi(myt+n,)th, (4.30) 


together with, in each case, the free secondary components arising from the com- 
plementary functions in the equations, whose magnitudes depend on the par- 
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ticular initial conditions imposed and which propagate, to this order, as free 
infinitesimal waves. The bound second-order perturbation waves are therefore 
given by 
(x,t) = 4a8(K,K,)? {C cos [(K, —K,).x—(n)—7,)¢] 

+ Dcos[(Ky+K,).x—(n)+n,) t}}, (4.31) 


where the amplitude functions C and D are given by 


1 ‘ (7 \ | (n)—n,)* \- 1 
C = C(Ky,K -1(%*,0,9) 1 — : . ; , 
(Ky, K,) Ny ? g|Ky— —K,}) | aig 
D = D(K,, K,) = a(, 0.4) 2 = i y | | 
1 / 

















FIGURE 2 FIGURE 3 


FicuRE 2. Contours of the amplitude function C for the difference wave-numbers in 
second-order interactions. The wave-number Ky, represented by OL, interacts with K, (OM) 
to give the wave-number Ky — K, (.7L) whose amplitude is proportional to the value of 
the function C at the point VM. The arrows indicate the directions of propagation of the 
components. 

FiGuRE 3. Contours of the amplitude function D for the sum wave-number in second- 
order interactions. The amplitude of the component with wave-number K,+ K, is given 
by the value of the function at the point M. 
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The numerical values of these functions are illustrated in figure 2 and 3. They 
are symmetrical about the direction of K,, and have the same values at reciprocal 
points inside and outside the circle, so that only the region K, < Ky with angles 
of intersection between 0 and 7, need be shown. The important property to 
observe in this context is that, unless K,/K, is very small (or very large) the 
amplitude functions are of order unity. The amplitudes of the secondary wave 
components are thus always small, of order (af) (aK, BK ,)3, that is, of the order 
of the geometric mean of the primary wave amplitudes times the geometric mean 
of the maximum primary wave slopes. 

When the magnitude of one of the primary wave-numbers is much greater than 
that of the other, A,/K, is very small (or very large), and we are concerned with 
short waves superimposed on a very much longer wave. The properties of such 
a system can be derived readily from the expressions given above. This situation 
has been discussed in detail by Longuet-Higgins & Stewart (1960) who show 
that the influence of the shorter waves upon the longer can be described in terms 
of a ‘radiation’ stress. A number of other special cases are of some interest. When 
K, = K,, we have the Stokes permanent wave discussed previously. When 
K, = —K,, the second-order approximation to standing waves is obtained. 
Finally, figures 2 and 3 show that for certain combinations of K, and K,, either 
C or D is zero, so that the amplitude of the secondary components of either the 
sum or difference wave-number vanishes. 


5. Tertiary wave components 

It appears that our search for a mechanism of continuing energy transfer will 
have to be carried to the next approximation. The algebraic complications 
become much greater, and careful use of our selection procedure is essential if 
we wish to avoid being buried under an avalanche of terms. Let us consider first 
the distortion of an initially sinusoidal wave, to this order of approximation. 


5.1. Single sinusoidal wave train 

We can ignore here any free secondary components, since they propagate as 
free infinitesimal waves, and their interactions with the primary wave system is 
of the same nature as discussed in the previous section, except that the products 
are smaller by an order of magnitude (i.e. by a factor «K,y). The dynamical pro- 
cesses that are new to this situation are the interactions between the primary wave 
and the bound secondary component, given by the single integral terms on the 
right-hand side of (4.5), and the triple interactions of the primary wave with 
itself, given by the double integral terms of that equation. The primary and 
secondary wave components are given by (4.6) and (4.14), namely 


dB,(k,t) = 4a{d(l—1)) exp ( — inot) + d(1+ 1) exp (tot)! d(m) dldm, ) 
dB,(k,t) = 4l,a?{d(l— 21,) exp (— 2ingt) + O( + 21) exp (2ingt)} d(m) dldm.J 


The substitution of these expressions into the right-hand side of (4.5), gives 
rise to contributions when k = (+/), 0) and ( + 3l), 0). The various combinations 
that occur are given in table 1 below, in which the signs associated with an entry 
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in each column is taken as the upper or lower alternative throughout. Thus, in 
the primary-secondary interactions, the primary wave-number J, and the 
secondary 21, give rise to the tertiaries 3], or —/, (the sum or difference) with the 
associated time factors exp (— 3inot) or exp (ingot) respectively. Similarly, in the 
triple primary interactions, the wave-numbers /, and —/, give rise to a tertiary 
component of wave-number /, or —/, (in combination with a third primary of 
wave-number /, or —/,) with a time factor of exp(—ingt) or exp (ingot) respec- 
tively. 


Primary Secondary Tertiary 
wave-number wave-number wave-number Time factor 
+1, + 21, + 31, exp ( F 32ngt) 
+1, + 21, +l, exp (+ 7iNgt) 
+1, F 2l,y Fl, exp (+ it) 
+1, F 21, + 31, exp ( F 3ingt) 


(a) Primary-secondary interactions 


Tertiary 
wave-number k 
k, ky (k—k,-—k, = +l) Time factor 
+1, +1, + 3l, exp ( F 3inot) 
+1, +1, +1, exp ( F int) 
+1, Fly +l, exp ( F ingt) 
+1, +1, +1, exp (+7n9t) 


(b) Triple primary interactions 


TABLE 1. Wave-numbers involved in third-order interactions 
of an initially sinusoidal wave train. 


As before, it is convenient to integrate equation (4.5) over a small range of k 
containing the wave-number of interest, to obtain the Fourier coefficients for this 
wave-number. The selection of all the relevant terms can now be made, and it 
is found, for example, that when k = (31, 0), the primary-secondary interaction 
term gives 


Jan? exp (— Bingt) {Hy(Bly, 20o) + 4H; (3los to) + 2Ho(Bly, 20) + 2Ho(3Iosto)}, (5-2) 


where the numerical coefficients of the H functions arise from the time differ- 
entiation of the double frequency secondary components and where only the 
vectorial components in the x-direction are shown in the arguments. The triple 
primary interaction term yields 


— lain exp (— 3ingt) {H3(3lo, Ip, Ip) + Hy(3lq, Uo, Uo)}- (5.3) 


The values of H, and H, are given, for this simple case, by (4.12), and H, and 
H, are evaluated from the expressions (3.22) and (3.23). 
The calculations, though still rather tedious, are quite straightforward, and 
lead to the following expressions for the combined perturbation terms: 
—2a3nil,exp(F3ingt) when k = (+3l,,0), 5.4) 
da3n2l,exp(Finot) when k=(+),0). ! ” 
14 Fluid Mech. 9 





210 O. M. Phillips 


The dynamical equations for the tertiary components are therefore 


(cat +3hg) B,( + 3ly, 0) = — 2a n2l2 exp ( F 3inot), | 


a + lg) B,( +1), 0) = da3n2l2exp ( F ingt). | 


The first of these equations has the bounded amplitude solution of the first 
type of the set (4.26), namely 

B,( + 3lp, 0) = 2,312 exp ( F 3int), (5.6) 
together with complementary terms representing free tertiary waves. The second 
equation of the set (5.5), however, is of the second type of (4.26) and its solution 
represents a sine wave whose amplitude increases linearly with time: 


B;( + 1g, 0) = + f1a°lh (not) exp ( F inoft). (5. 


or 
~I 
— 


The complete bound tertiary wave components are given by 
£,(2,t) = B,(1p, t) exp (il,x) + Bs( —Ip, t) exp (— il) x) + B,(3lp, t) exp (321, 2) 
+ Bs( —3l,, t) exp (— 3il)2) 
= fa3l2not sin (Iba — not) + 2x5l2 cos 3(1,x — Not), (5.8) 
and the surface displacement, to the third approximation is 
E(x, t) = alcos (la — not) + 4x22 not sin (lpa — not)] 
+ 441, cos 2(l)a — not) + 3x32 cos 3(lp4— not). (5.9) 


Here we have our first example of a developing tertiary component in which the 
frequency of the perturbation term at k = (+1), 0) is the same as the frequency 
of a free infinitesimal surface wave of the same wave-number. This example is, 
however, rather special in that the wave-number at which the tertiary com- 
ponent grows under this resonance type of interaction is the same as the primary 
wave-number. But the phase of the growing tertiary component is in advance of 
the phase of the primary wave by 47; this transfer of potential energy to the same 
wave-number at an earlier phase can be (and usually is) interpreted as an in- 
crease in the phase speed of the primary component. As it stands, the solution 
(5.9) is only valid for not < (4a7/?)-!, after which the developing tertiary wave 
has an amplitude comparable with that of the primary wave, but the increase in 
phase velocity is readily found. For this time interval, 

Lar)]2not = sin (dx7l2 not), 
so that 
cos (1,2 — not) + 40712 not sin (lbx — Not) = cos {lhx— (1+ 4al2) not}, (5.10) 
and the phase velocity c is given by 


C = C(1 + 47/2), 


where ¢y = M/ly = (g/l), in accord with the classical Stokes expression (see 
Lamb 1932, § 250). Notice that the interaction time, or the time scale of develop- 
ment of the resonant tertiary component is of the order of (—2)-power of the 
maximum primary wave slope times the wave period. 
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5.2. Two intersecting wave trains 
Suppose that initially we have two intersecting wave trains with wave- 
numbers Ky, = (/p,m,) and K, = (l,,m,). As in (4.18) the Fourier—Stieltjes 
components of the primary wave field are given by 
dB,(k, t) = 4a{6(k — K,) exp (—inot) + 6(k + K,) exp (inot)} dk 
+ $/{6(k —K,) exp (—in,t)+6(K+K,) exp (in,t)}dk, (5.11) 


Primary Secondary Tertiary 
wave-number wave-number wave-numbers 
+ K, + 2K, +3K,, +K, (Stokes wave) 
+K, + 2K, + (K, + 2K,) 
+ Ky + (K,—K,) + (2K,—K,), +K, — 
+ Ky + (K,+K,) + (2K)+ K,), +K, — 
(a) Primary-secondary interactions 
Primary wave-numbers Tertiary wave-numbers 
+K, + K, + K, +3K,, + K, (Stokes wave) 
c 9 c — 
+ Ky +K, + K, +(2K,+K,), +K, 
+ Ky +K, + K, + (K, + 2K,), +K, its 
+K, + K, + K, +3K,, +K, (Stokes wave) 


(6) Triple primary interactions 


TABLE 2. Wave-numbers involved in the third-order interactions of two intersecting 
wave trains. In part (a), further possibilities are obtained by interchanging the 
subscripts. 


and the secondary components are, from (4.14), (4.29) and (4.30), 
dB,(k,t) = }K,«?{d(k — 2K,) exp (— 2in,)t) + 6(kK + 2K,) exp (2%ngt)} dk 

+ 1K, £?{6(k — 2K,) exp (— 2in,t) + 6(k + 2K,) exp (2in,t)} dk 

+ 1laf(K,K,)? C{o(k —K, + K,)exp[-—i(n)— 7) ¢] 

+ 6(k+ K,—K,) exp [2(”,) — ,) ¢]} dk 

+ 1ap(K,K,)t D{o(k —K,—K,) exp [—i(m)+,)¢] 

+6(k+K,+K,) exp |i(n, +,) t]} dk, (5.12) 
where the functions C and D are as given in (4.32). These expressions, if sub- 
stituted into the right-hand side of (4.5), would give a total of 256 terms, all of 
which, fortunately, are not of present interest. The various types of interactions 
can be classified according to table 2 above. The exponential time factors are 
not indicated, but in every case the exponent has the same structure as the 
wave-number vector except that the signs are changed. For example, associated 
with the contribution at wave-number 2K, — K, is the factor 

exp { —2(2m)—7,) fh. 


The components of particular interest are those with wave-numbers 
+ (2K,+K,) (or the symmetrical type +(K,+2K,)). We will first investigate 
14-2 
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whether the resonance interaction is possible apart from the special case dis- 
cussed in the previous section, which requires the existence of real solutions to 


the equation g |2K,+K,| = (2m) +n,)%, (5.13) 
where n, = (gK,)!, n, = (gK,)!. Making as before, the substitutions 
Ky 
K, 


it is found that (5.13) leads to 


(K sin Yo, Ky cos Yo), 


(K,siny,, K,cosy,), 


C08 (Yo — 1) = 


‘ 


S1(4K y+ X,)) + (3Ko | gl : (5.14) 
(4K,K,)t ~“\Ki J 
Since, for Ky > 0, K, > 0, 


4(4K,+K,) > (4K,K,)}. 





K, 





oo 





Figure 4. The resonance loop for third-order binary interactions. The wave-number K, 
interacts with the bound secondary component associated with K, to produce a developing 
component of wave-number 2K, — K,. The arrows represent the directions of propagation. 


it appears that resonant interactions are possible, but only for certain pairs of 
the difference wave-numbers +(2K,—K,) (or for +(K,—2K,)) for which the 
negative sign in (5.14) is relevant. Figure 4 represents the function 

COS (Yo — 1) = ss Aisin A (5.15) 

v7) 1] 

where 7 = K,/Ko, and illustrates the primary wave-numbers K, which can 
produce a resonant interaction with the secondary component of given wave- 
number 2K), resulting in a continuing energy transfer to the wave-number 
+(2K,—K,). It can readily be confirmed that these resonant tertiary wave- 
numbers do not coincide with any of the secondary wave-numbers generated, 
for this would require 


2K,—K, = +2K,, +2K,, +(K,+K,) or +(K,-—K,), 


or equivalently K, = —2Ko, 0, 4Ko, 3Ky, 3K,, 4K, or ©, 
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none of which lie on the resonance loop of figure 4. The physical reasons for this 
type of energy transfer have been described in § 4.2. Although it was not possible 
within the second approximation, it appears that, within the third approximation 
it is. 

Having established the existence of the resonant type of continuing potential 
energy transfer, it only remains for us to estimate the order of magnitude of the 
coefficient A in the second equation of the set (4.26) to provide an estimate of 
the characteristic interaction time, or the development time of the growing 
tertiary component. Selecting out the relevant contributions as before, it is 
found that the Fourier coefficient at the wave-number 2K, — K, is given by the 
solution of 

a + |2Ky~K,|g} By2Ky~K,,0) 

= §|2K)—K,| (Ko K,)' myn, <*Af(y, y) exp {—i(2my—m,)t}, (5.16) 
where 7 = K,/K, and y is the angle between the two interacting wave-numbers. 
The function f(y, y) is given by 


f(n, Y) = (Ko! K,)* {C(Ko, K,) [H,(2K, — K,, Ky — K,) + H,(2K, — K,, K, —K,) 

+ H,(2K,—K,, Ky) + H,(2Ky—K,, Ky)] + 4(K,/K,)? H,(2K,—K,, —K,) 

— (Ky K,)-* [H;(2Ky — K,, — K,, Ky) + H,(2Ky—K,, Ky, — K,) 

+ H,(2Ky —K,, Ky, — K,)]} 

+ 2(Ko/K,)? [H,(2K, = K,, 2K,) + A,(2Ky an K,, = K,)] 

— C(K), K,) [2H,(2K, — K,, Ky) + H,(2K, —K,, K,—K,) 

+ H,(2K,—K,, Ky)] 

— (Ko K,)~* [H,(2Ko—K,, Ko, Ko) + H,(2Ky —K,, —K,, K,)] 

+ (K,/K)* {(Ko/K,)} Hy(2Ky — Ky, 2Ky) + C(Ko, K,) H,(2K, — Ky, Ky) 

— (Ky K,)~* H(2Ky — K,, Ko, Ko)}, (5.17) 
where the function C is as given in (4.32), and the H functions are specified by 
(3.20) to (3.23). The equation for the wave-number — (2K, — K,) is similar (since 
all the terms in f(y, y) are invariant with respect to changes in the signs of all 
wave-numbers) except that the exponential factor is exp {i(2%)—,)t}. When 


g |2K,—K,| = (2%) —2,)?, (5.18) 
the solution to equation (5.16) is 
Bs{ + (2K, —K,), t} = F ygta( Kya) (K, A) (2m) —1,)t. f(y, y) exp { F a(2m — n,) t}, 
so that the growing tertiary component is (5.19) 
£,(x,t) = af(y, y) (Koa) (Ky) (2% —,)t.sin {(2Ky —K,).x— (2n,—7,) 


The numerical value of the function f(7, y) for wave-numbers such that (5.18) 
is satisfied could be computed from (5.17), but this would be an extremely tedious 
operation. It is sufficient for our purpose to know its order of magnitude only. 
We do already know (either by comparison with the first term on the right-hand 
side of (5.8), or by direct calculation from (5.17)) that when Ky = K,, f(y, y) = 2. 





214 O. M. Phillips 


Since, on inspection of the forms of the functions Hj, ..., H,, it is evident that 
f(7, y) has no singularities, it is safe to assume that this function is of order unity 
for all wave-number pairs given by the crossed loop of figure 4. 

We can therefore conclude that the characteristic development time of the 
resonant tertiary interactions, or the time for the amplitude to become com- 
parable with that of the primary, is of order 


T = (Kya)? (K,f)} (2n9—)-}, (5.21) 


that is, of order of the wave period of the tertiary component divided by the 
product of the maximum slopes of the primary waves. As the tertiary component 
develops, the primary components of course begin to subside as the energy is 
transferred to the tertiary components. This decay is described by the presence 
of tertiary terms of wave-number + K, and + K, in the last two rows of table 2a, 
and the middle two rows of table 26, and can be calculated in a manner analogous 
to that above. 

In the light of this analysis, the exceptional nature of the Stokes permanent 
wave is perhaps more evident. Figure 4 shows that this is the only situation in 
which the resonant tertiary wave-number is equal to that of the primary wave, 
and so provides the only case in which the tertiary interactions can be inter- 
preted as a change in phase velocity of the primary wave. In all other binary 
interactions, the wave-number of the resonant tertiary component is different 
from that of either primary, so that a new Fourier component of the wave field 
develops in time. 

Finally, it might be remarked that the triple interactions among three different 
primary waves can also give rise to a developing tertiary component with a new 
wave-number. The situation discussed above is clearly a special case of this, 
when two of the primary wave-numbers coalesce. The analysis of the more general 
case is, however, complicated and little of conceptual value is to be gained from it. 


6. Secondary interactions in water at finite depth 

We have found that, in water of infinite depth, if the wave-number and 
frequency of the interaction term correspond to the wave-number and frequency 
of a free infinitesimal wave, then we have a resonant situation in which the 
amplitude of the interaction wave increases linearly with time. The interaction 
wave-number is the vector sum or difference of the primary wave-numbers, and 
the frequency is the sum or difference of the primary frequencies. The simplicity 
of this criterion and of its physical interpretation makes it possible to anticipate 
the qualitative nature of the interactions when the water depth is not necessarily 
large compared with any of the wavelengths involved. 

The detailed analysis of this case is very complicated, but the form of the 
basic equations is not changed. Two primary wave-components of wave-number 
K, and K, give rise to an interaction term with wave-numbers + (K,+K,), 
+(K,—K,) and frequencies n) +, and n)—n,, where 


ny = {gK, tanh Kd}#,) 
n, = {gK, tanh K,d},) 


(6.1) 
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where d is the mean water depth. If 
(nm) + 2)? = g|Ky + K,| tanh [|K, + K,| d], (6.2) 
then resonant interactions can occur for the secondary components. The question 
of the existence or otherwise of real solutions to (6.2) can be most easily esta- 


blished by the following geometrical argument. 
In figure 5, the curved line represents the function 


d\3 . - 
n = {Kdtanh Kd}, 
g 

specifying the frequency of free infinitesimal surface waves in water of mean depth 
d as a function of wave-number K. The slope of this curve decreases monotonic- 
ally with increasing K, except when Kd < 1, when it is constant. Suppose we 
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Figure 5. Second-order wave-numbers and frequencies in water of finite depth. 


have two primary components of wave-numbers K, and K, and frequencies 
n, and n,. The interaction frequencies are therefore n)+n, and n)—7n, and the 
magnitudes of the interaction wave-numbers lie within the limits |K,+K,| 
and |K,—X,|, whatever the angle of intersection of the primary waves. If the 
frequencies n,+%”, Or N)—%”, correspond to wave-numbers lying within that 
range, then a resonance is possible. It is clear from figure 5, however, that in 








general this is not so, since the curve is concave downwards and the difference 
frequency corresponds to a wave-number less than |A,—,| and the sum 
frequency to a wave-number greater than |K,+.4,|. A trivial exception is given 
when K, = K;; the difference terms give the zero frequency, zero wave-number 
case discussed above. 

More interesting is the case when for all wave-numbers K concerned, Kd < 1. 
In this shallow water case,+ the phase velocity of an infinitesimal wave is in- 

+ Caution must be exercised lest the small amplitude approximation be pressed too far 


in shallow water. Stokes (1847) showed that this approximation is valid only when 
aK <(Kd)’, so that when Kd is small, aK is required to be very small indeed. 
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dependent of the wave-number so that the dispersive nature of the waves is 
lost and the frequency curve reduces to a straight line (ngure 6). It is evident 
that the sum and difference frequencies correspond to sum and difference wave- 
numbers at the ends of the permissible range, which are attained when K, and K, 
are parallel. Thus, in very shallow water, any pair of parallel wave-numbers will 
produce resonant interactions in the sense described above. This may also be 
deduced directly from (6.2), since 


tanh [|K, + K,|d] = |K,+K,|d 


under these circumstances. 
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Figure 6. Second-order wave-numbers and frequencies in very shallow water. 


It may also be interesting to notice that if the difference frequency (say) is 
only slightly smaller than the frequency of a free surface wave of the difference 
wave-number, then there is no resonance but, for the first equation of the set 
(4.26), the amplitude of the bound secondary component is inversely propor- 
tional to this frequency difference (shown as An in figure 5). If |Ky—K,| d is of 
order unity or a little less, An may be small, so that the amplitude of the secon- 
dary waves, though bounded in time, may be large and the second-order inter- 
actions may assume considerable dynamical significance. The tendency for waves 
to break over shoals, indicating appreciable non-linear interaction, is consistent 
with this general conclusion. 


7. Conclusions 

The principal result of this analysis is the demonstration that, although the 
tertiary interactions among wave components are given by a perturbation term 
that is algebraically smaller than that representing the secondary interactions, 














we 
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their cumulative dynamical effect is much more profound because of the exist- 
ence of resonant wave-numbers whose amplitude grows with time. This implies 
that, in the development of a dynamical theory to describe a finite amplitude 
random gravity wave field, the tertiary interactions are essential, and any theory 
in which they are neglected will ignore the dominant mechanism of energy 
transfer among the wave components. 

The results, however, do have immediate relevance to the question of the 
interaction between a swell and a local storm. Suppose that swell with wave- 
number K, (figure 4) is generated by a distant disturbance on the ocean and 
passes through a storm area. If the wave-numbers K, of the locally generated 
waves lie along the crossed loop of figure 4, then appreciable components with 
wave-number 2K, — K, may be generated by the resonant interaction, and would 
appear as a ‘ghost’ to an observation station. The wave-number and direction 
of this ghost component may be very different from the dominant contributions 
to the storm or the swell, and should be readily distinguishable from com- 
ponents of the swell scattered by the turbulence in the water near the storm 
centre (Phillips 1959). 


This work was supported by the Office of Naval Research under Contract 
Nonr 248 (56). 
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Deposition of a viscous fluid on a plane surface 


By G. I. TAYLOR 


Cavendish Laboratory, Cambridge 
(Received 28 April 1960) 


Two mechanisms by which a viscous fluid can be deposited on a plane surface 
are described. Measurement of the thickness of the deposit are compared with 
calculated values. It is found that the two agree within rather wide limits of 
experimental error provided the effect of surface tension can be neglected, and 
the conditions under which this is legitimate are discussed. 


The paint brush 

There are many ways in which a viscous fluid can be deposited on a plane 
surface. Perhaps the best known is by means of a paint brush. This consists of 
a number of flexible cylinders or hairs between which the fluid lies. As these hairs 
are dragged over the surface they lie with their axes parallel to the direction of 
motion and the paint is dragged through between them by tangential stress. The 
fluid dragged out by tangential stress acting at one side of the brush on the fluid 
surrounding the outermost layer of hairs must be replaced by fluid flowing 
transversely from the interstices between hairs further from the outer layer. 
This process can be understood qualitatively but to describe it mathematically 
is difficult. For this reason it seemed worthwhile to describe an ideal structure 
which would deliver fluid at a calculable rate even though it has no practical use 
in the art of painting. 

The simplest is a plate sliding at height hy over a fixed parallel plane. If fluid 
is supplied at atmospheric pressure between the leading edge of the moving plate 
and the fixed plane, and if the length of the plane is great compared with ho, the 
pressure in the fluid will be constant and a film of depth 3h, will be left behind on 
the fixed plane. 

If the moving plate is replaced by a portion of a cylindrical surface of any 
cross-section moving parallel to the generators it is possible to calculate the 
volume of fluid left behind. Two examples will be given. 


Parallel plates 


An arrangement by which plates spaced at distance 2d apart could be made to 
slide on their edges over a horizontal plane is shown in figure 1. Taking an origin 
in the surface of the horizontal plane midway between two vertical plates, the 
co-ordinate 2 is in the direction of motion, i.e. parallel to the plates and z is 
vertical. The velocity wu is parallel to the direction of motion at all points and 


satisfies Ozu 2 Ozu " a) 
ey?” Gaz 











er 


a ¢ 


be 


Ni 


gu 





le 





Deposition of a viscous fluid on a plane surface 219 


It is convenient to take wu as the velocity relative to the moving plates, so that 
the boundary conditions are 


u=0 at y=id and u=U at z=0. 
The solution of (1) which satisfies these conditions is 


, AUS (- 1", Ont Day, 


ef —(2n+1) nz 2d. (2) 
nm 6 2n+1 d 


The total volume deposited on the horizontal plane per second from the fluid 
contained between each pair of plates is 
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FIGURE 1. A, parallel plates; B, sheet on which deposit is collected. 


Semicircular grooves 


In the above example the way in which the fluid emerges from the spaces between 
the parallel plates was not considered nor was the manner in which the fluid 
entered them. The effect of gravity and of possible vertical motion between the 
plates was also assumed to be negligible. To avoid these uncertainties a ‘mathe- 
matical paint brush’ was designed in which the supply of fluid occurred only at 
the forward end of the channels which regulated the flow. A number of semi- 
circular grooves were cut in the plane base of a Perspex block. These grooves 
ended at the supply end in a chamber large enough to ensure that the fluid was 
supplied at atmospheric pressure. There were 5 grooves each of radius 0-1 em 
and they extend from the rear end of the block through a length of 6-1¢em to 
a cavity from which the fluid was supplied. The method of experiment is indicated 
in figure 2. The block A was placed on a strip of very thin metal foil B which had 
been pressed on to a steel surface plate. The block was charged with a viscous 
fluid, usually glycerine, through the hole C which led into the supply chamber. 
No fluid could escape except through the grooves. The block rested against a 
guide so that it could move parallel to the grooves while depositing fluid on the 
foil. The foil was then peeled off the surface plate and a section cut from the middle 
using a photographic trimming knife. This section was then weighed with its 
deposit. After removing the deposit it was weighed again. 

In a series of such experiments made with glycerine the weights deposited 
per cm of foil varied from 0-0422 to 0-0467 g. The mean of six runs was 0-0437 g 
and the corresponding volume was 0-0347c.c. Thus the experimental value of 
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the volume deposited per cm from each of the five grooves was 0-00694c.c. The 
calculation of the volume deposited from a semicircular groove of radius a was 
made in the same way as for the parallel plates, giving the result that the volume 
deposited per unit length of run was 2a?/7.* When a=0-lem, we have 
2a*/m7 = 0-00638. This is 8°% smaller than the observed value 0-00694. The dis- 
crepancy may well be due to small errors in the shaping of the grooves or to slight 
undetected variations in the flatness of the surface of the foil. The neglect in the 
calculation of the small pressure gradient along the grooves may give rise to a 
small error. This error, however, could be calculated and it was much less than 
the 8% discrepancy, though its contribution was to increase the deposit above 
the calculated value 2a?/7. 




















FiGuRE 2. A, Perspex block; B, sheet on which fluid is deposited; C, filling hole. 


Porous rollers 


Another way in which a viscous fluid can be deposited on a plane surface under 
conditions for which the flow can be described mathematically is by the use of 
a porous roller. This method is used by printers and sometimes by house-painters. 
The flow of fluid in this case has been discussed mathematically by Taylor & 
Miller (1956) though the connexion between the thickness of the layer deposited 
and the hydraulic resistance of the porous cylinder is not contained explicitly 
in their paper. They express their results in non-dimensional co-ordinates x, 
and y but here p, is substituted for their y as a symbol whose meaning is more 
obvious and RP 

x, = 2(96KR®)-t,  p, = — (96x R3)-t. (4) 

hu 

Here R is the radius of the cylinder, p is the pressure in the fluid at distance x 
from the point of contact, U is the velocity of the roller, « is the viscosity of the 
fluid and « is a coefficient of the dimensions of a length which occurs when 
Darcy’s law connecting the rate of flow through a porous sheet, W, with 7, is 
expressed in the form : 
W =kp/n. (5) 


* Later Dr F. Ursell pointed out that the calculation could have been much simplified, 
because the solution of V2 = 0 which satisfies u = 0 on the circumference and wu = U on 
the diameter is 


26 
= u( -1), 
1 


where @ is the angle subtended at the point where the velocity is wu by the two ends of the 
diameter. 
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Thus « is not the same as that which would be suitable for use with a porous 
medium, for the latter would be of dimensions (length)?. The total rate of flow 
through unit length of the porous cylinder is 


Q =| W dx, (6) 
0 
and on substituting from (4) and (5) we find 
Q = (96«R)! U | ” pd). (7) 
0 


The computed relationship between p, and 2,, is given in the form of a curve 
(figure 3, p. 134 of Taylor & Miller 1956). By graphical integration over the main 
part of the curve and the use of the asymptotic expression for p, at large values 


oo 
of x, | p, dx, was found to be 0-302 so that 
0 
Q = 2-96U(kR)}. (8) 


This value for Q is the value which would apply if the whole space between the 
porous cylinder and the plane on which it rolls were filled with fluid. In fact the 
fluid only passes through the porous cylindrical surface when there is suction 
and, at a certain point which my analysis could not determine, the flow separates 
at a meniscus, some fluid remaining on the flat plate and some adhering to the 
cylinder. Beyond this meniscus there is no further suction. In the absence of 
further evidence it seems that the meniscus is likely to divide the fluid equally 
into two streams as it would if the cylindrical surface had not been porous. 
Assuming this to be the case the thickness ¢ of the layer deposited would be 

t= = = 1-48(KR)}. (9) 


Measurements 


A perforated cylinder 21 em long and 13-5 cm in diameter was made by wrapping 
a perforated sheet round some circular disks. These disks had central holes to 
permit the entry of the fluid to the inner surface of the cylinder. Two layers of 
flannel were wrapped round the cylinder and the seam pulled tight. The fabric 
was bent over the ends of the cylinder, sewn through the end perforations and 
sealed on the inner side to prevent fluid from escaping without passing through 
the flannel. 

Two methods were used to measure t. The first was to roll the cylinder on a 
sheet of plate glass and then blot up the deposit with weighed sheets of blotting 
paper which were then rapidly enclosed in a container to prevent evaporation 
and weighed again with the absorbed fluid. The second, indicated in figure 3, 
was to use the technique employed in the experiments with the ‘idealized’ paint 
brushes described earlier, but since the thickness of the film deposited was much 
less than before, larger pieces of foil had to be used. Even so the blotting-paper 
technique proved to be more satisfactory because it was difficult to prevent the 
foil from being pulled off the plate on which it had been pressed as the roller 
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passed over it. The porous roller was constructed in the manner described in 
order to make possible a comparison with the theoretical calculation, but even 
so the range of fluids for which that comparison could be made was limited. 

When water was used the thickness left on the plate was sometimes very small 
and it was concluded that on these occasions one of the conditions assumed in 
the theory, that the fluid filled the space between plate and roller, was not valid 
and cavitation occurred. More consistent results were obtained when more 
viscous fluids were used, but when fluids as viscous as pure glycerine were used 
the suction was so great at any but very low speeds that there was danger that 
the flannel would leave the perforated surface on which it was stretched and thus 
upset the geometry of the flow. 

Some of the measurements are given in table 1. 





FicureE 3. A, porous roller; B, sheet on which fluid is deposited. 


Liquid / (g em! sec-) Film thickness (10-3 em) Mean 
50 % glycerine 0-085 2°39, 2-12, 1-86, 2-6, 2-44 2-25 
30 % glycerine 0-030 2-25, 1-67, 1-95, 1-77 1-9] 
Water 0-011 0°89, 1-28, 0°64, 1-21, 0-73 0:95 


TABLE 1. Measurements of thickness of film deposited by roller. 


Measurements of k 


It seemed desirable to measure x with the flannel stretched on the perforated 
cylinder. The cylinder was therefore set with its axis vertical in a cylinderical 
vessel from which the outflow could be measured. The height H, of the fluid 
outside the cylinder, as well as the difference in height H, between the fluid inside 
and outside the porous surface, was measured. Water was used in this experi- 
ment. The volume Q’ flowing through the porous cylinder per second was taken 
as being given by onRk 


Y= - H,(H, + 4$H,). (10) 


It was found that when the measured values of H,, H,, and Q’ were inserted in 
(10) the values of « so found ranged from 1-5 x 10~* to 3-5 x 10-7em. It seems 
from this large variation in «x that flannel is not a very suitable porous material 
for this kind of experiment. It may be that the flow affects the geometry of the 
fibre structure of the flannel. 
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Comparison with theory 


The theoretical values for the thickness of the deposited layer found by inserting 
these limiting values 1-5x 10-* and 3-5x 10-* for x in (9) are 1-5 x 10-3 and 
2-3 x 10-$em. Comparison of these with the observed values given in table 1 
shows that except in the case of water the agreement with the theoretical analysis 
is within the limit of experimental error. A possible explanation of the discre- 
pancy in the case of water is given later. 


Effect of surface tension at the air-fluid interface 


In the cases which have so far been discussed it has been tacitly assumed that 
the surface tension produces negligible effects. This is justifiable if the pressures 
due to the curvature of the free surface are small compared with those which 
would produce an appreciable change in the flow. In the case of the ‘idealized 
paint brush’, since the curvature of the free surface must be of the order 1/a 
(or 1/d) for the two cases considered the pressure change on passing through the 
meniscus is of order 7'/a, where 7' is the surface tension. The viscous stresses are 
of order ~U/a. It might therefore be thought that the analysis is only realistic 
when 7'/uU is small. This is not the case however. Taking the case illustrated in 
figure 2, the change in Q due to change in pressure dp between the ends of the 
grooves is of order a*ép/uL, where L is the length of the grooves. Q is of order 
a*U, so that the condition that a change dp will make a negligible change in Q 
is that a*dp/uUL shall be small. If dp is of order T'/a, this condition is that 
Ta/uUL shall be small. 

When the measurements were made with the apparatus shown in figure 2, 
the influence of the surface tension was not fully appreciated so that accurate 
measurements of U were not made. They were, however, of order U = 4cm/s. 
At this speed, and with glycerine, for which ~ = 9g cm~'sec"! and T' = 63 gsec™?, 
T/uU = 1-7. This is not small, but the length of the grooves was 6cm while the 
radius was 0-1em, so that 7'a/u~UL = 0-03 and thus was sufficiently small to 
warrant an expectation that the calculated value of QY (namely, 2a?/7) might be 
realized. When water was used instead of glycerine, much thinner layers were 
deposited. 

Similar considerations apply to the porous roller. The calculations (Taylor 
& Miller 1956) were made assuming that the whole field of flow was flooded. In 
fact a meniscus or interface formed itself and divided the fluid into two streams 
one of which remains on the plane surface and the other is carried round on the 
outer surface of the roller. The meniscus is not likely to affect the distribution of 
suction between plane and roller unless it establishes itself within the range 
where the suction is appreciable. A suitable criterion for estimating whether the 
meniscus will have appreciable effect is to imagine that the meniscus establishes 
itself at the point where the calculated suction is equal to the pressure rise on 
passing through the meniscus due to surface tension. If this point is in the range 
where the suction is small compared with its maximum value, then it would not 
be expected to make an appreciable change in the value of Q. 
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The suction at a distance x from the point of contact of roller and plane is 
given (Taylor & Miller 1956, p. 135) by the equation (4) and the relationship 
between the non-dimensional quantities p, and x, is shown in figure 3 of that 
paper. If the radius of curvature of the meniscus is taken as half of the distance 
between plane and roller at distance x, the meniscus will establish itself near the 
point where 4TR 


= —p. (11) 
Substitution for x and p from (4) and (11) gives 
7 (K\4 
2 = c —} y 
pret = 777 (98) (>) (12) 


When 2, > | the asymptotic form of Taylor & Miller’s expression may be used. 


This is p23 ~ i. (13) 
Dividing (13) by (12), an approximate value for the position of the meniscus is 
— - a 
x, ~ 51 hs 14 
uy ) Vi z ( ) 


where 5:1 is the approximate value of (96)! (4). 

When therefore the value of x, calculated from (14) is larger than unity, so 
that the corresponding value of p, is small compared with its maximum value 
0:38, agreement may be expected between Taylor & Miller’s calculation and the 
measured thickness of the deposited film of fluid. If the value calculated using 
(14) is less than unity the boundary condition used by Taylor & Miller in their 
calculation is not valid, so that agreement would not be expected. Taking values 
appropriate to the apparatus described, namely, R = 6-9cem and k = 2-5 x 107? 
cm, the value of x, at the meniscus was, according to (13), 

4, ~ 37x 102(uU/T). (15) 
In the experiments U was about 3cm/sec and 7’ = 62gsec~*. When 50% 
glycerine for which ~ = 0-085 was used, ~U/T = 4-1 x 10-3 so that the value 
of x, at the meniscus was (3-7 x 10?) (4:1 x 10-3) = 1-5. The corresponding value 
of p,, namely, (1-5)3/6, was 0-056. This is well below the maximum value 0-378 
which occurs at x, = 0-43 (Taylor & Miller 1956) so that little difference would 
be expected between the amount deposited when the suction region was curtailed 
by a meniscus and the amount which would pass through the porous roller if 
the space between it and the plane were flooded. 

When the working fluid is water, for which ~ = 0-011 and 7 = 73 in c.g.s. 
units, the corresponding value of x, according to (15) would be 0-17, which is 
even below the value x, = 0-43 which corresponds with the maximum value of 7. 
Under these conditions where the suction at the meniscus is not small com- 
pared with the maximum suction, the boundary condition used by Taylor & 
Miller is not even approximately valid, so that the lack of agreement between the 
measured and calculated thickness of the deposit is understandable. 
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Experiments on the effect of suction on the flow 
due to a rotating disk 


By N. GREGORY AND W. S. WALKER 


Aerodynamics Division, National Physical Laboratory, Teddington 
(Received 8 April 1960) 


The stability and transition Reynolds numbers for the flow due to a disk rotating 
in still air were increased by low rates of suction through either a woven wire- 
cloth or a slitted surface. Observations on the slitted disk at rotational speeds 
between 550 and 1250 r.p.m. showed that the critical value of the Reynolds 
number 7?w/v for instability increased from about 135,000 without suction to 
nearly 250,000 for a value of the suction parameter a of 0-4. The corresponding 
values for transition increased from about 275,000 to about 400,000. A given 
increase in stability Reynolds number required about 75° more suction than 
that theoretically predicted for uniform distributed suction, a satisfactory 
result in view of the limitations of the apparatus. 

At higher rates of suction (0-4 < a < 1-6), the reduction in secondary flow 
allowed transverse turbulent contamination to spread inwards from the rim. 
Consequently the vortices associated with secondary-flow instability were 
not found, though disturbances of larger wavelength appeared. Intermittent 
turbulent flow was spread over a much larger region of the disk and no laminar 
flow could be obtained above a Reynolds number of 400,000. Owing to this 
feature of the flow, it was not possible to extend laminar flow to values of the 
unit Reynolds number (ratio of stream velocity to kinematic viscosity) cor- 
responding to flight conditions on a swept-back wing. It is concluded that 
the rotating disk is not a satisfactory tool for the investigation of the effects of 
suction on secondary-flow instabilities such as arise in the case of a swept-back 
wing, or for the testing of suction surfaces. 


1. Introduction 

Transition to turbulence in the flow over a smooth disk rotating in still air 
results from the instability of a secondary-flow profile, as in the flow over a 
swept-back wing. This instability has been discussed by Gregory, Stuart & 
Walker (1955). 

In the case of a swept-back wing, boundary-layer control by suction should 
extend the laminar flow range by reducing the magnitude of the secondary- 
flow velocity, by decreasing the thickness of the boundary layer and by altering 
the secondary-flow profile to one that is inherently more stable. In the case 
of a rotating disk, however, this last alleviation would not be expected to occur, 
as Stuart (1954) has shown theoretically that there is little change in the shape 
of the velocity profiles with uniform distributed suction. 
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Attempts to increase the extent of laminar flow on a disk by suction through 
a woven wire-cloth surface have previously been described by the authors in 
detail (1953). The present paper briefly refers to this work and reports additional 
tests with a slitted surface. It was hoped that the tests would prove of value in 
connexion with the application of a similar surface to a laminar flow swept- 
back wing, but the difficulties met with earlier in extending laminar flow on a 
rotating disk were again encountered. This time, however, the difficulties 
are shown to be fundamental to the disk flow and not to be due to the nature of 
the porous surface. 


2. Apparatus 


The basic disk consisted of a slab of dural 3 ft. in diameter, perforated with a 
large number of } in. diameter holes arranged in concentric circles. On one side 
of the disk a series of concentric narrow protruding lands, machined from the 
solid, separated each row of holes and held the test skin away from the surface, 
thus allowing suction everywhere except over the area of the lands. 

The porous surface used by Gregory & Walker (1953) was formed by a rolled 
piece of monel metal woven wire-cloth which was dry-mounted on to a sheet of 
aluminium perforated with thirty }in. diameter holes per square inch and 
screwed and glued to the lands. As there was little diffusion of the flow through 
the wire-cloth, which provided the whole resistance to the suction, the distribu- 
tion of suction corresponded to the holes in the perforated backing sheet. The 
porosity of the wire-cloth was not particularly uniform, local suction flow varia- 
tions of the order of +30 being found, whilst surface waviness up to 
+ 0-006 in. was present over part of the disk. 

The disk was mounted flush with, and in the middle of, one of the large 
faces of a fixed suction box of dimensions 7 ft. x 7 ft. 6 in. x 1 ft. The possibility 
of any static pressure variation over the rear face of the disk arising from its 
rotation was thus avoided, and uniform suction was obtained by lowering the 
pressure in the box and metering the flow, due allowance being made for the 
leakage flow which was measured at the same pressure differential when the 
surface of the disk was sealed with a sheet of cellophane. 

For the experiment with slits, the wire-cloth surface was replaced by a 
dural skin ,'; in. thick. This skin was slitted between the 3 and 14 in. radius 
circles by seventy-two straight slits, 0-004 in. wide, disposed evenly round the 
disk and all tangential to the 2 in. diameter circle. In addition, seventy-two 
short slits, alternating with the long slits, were cut between the 11 and 14 in. 
radius circles. The flow was controlled partly by strips of Perflec gauze applied 
as backing, with 0-004 in. apertures very carefully aligned with the slits, and 
partly by covering all the } in. diameter holes in the basic disk by thin film 
drilled with graded throttle holes so that the velocity into the slits increased 
linearly with radius except outboard of the 11 in. radius where the velocity was 
halved. This ensured uniform suction per unit area of disk. The circumferential 
lands were recessed locally to allow clearance for the backing strips behind the 
slits and were reduced in their radial thickness so as to offer as little obstruction 
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as possible to the continuity of flow through the slits. Nevertheless, measure- 
ments made when the disk was stationary suggested that the velocity into the 
slits dropped practically to zero where each slit crossed a land. In addition, 
the velocity distribution along the length of the slits cannot have been very 
uniform when the disk was rotating, owing to the radial pressure gradients 
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FicurE 1. Observation of the effect of suction on the state of flow over a slitted rotating 
disk. y is the turbulent intermittency factor. 
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between successive lands which arose from the use of small throttle holes on the 
rear face of the disk. None of the difficulties encountered during the tests, 
however, could be attributed directly to the poor suction distribution. 

Steps due to lack of perfect alignment between adjacent sectors of the skin 
were kept less than +0-0005in., though over the circumference, waves of 
+ 0-004 in. were present. The reading of an anemometer probe held close to the 
rotating surface was therefore by no means steady. 
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3. Measurements 
3.1. State of flow over woven wire-cloth surface 


The state of the boundary layer on the woven wire-cloth surface of the earlier 
experiment was determined from the display on an oscilloscope of the signal 
from a probe microphone connected to a total head tube which was held in the 
flow close to the moving surface. As the probe was sensitive to noise and to the 
effects of disk vibration and surface waviness, as well as to the turbulence 
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Critical curve for instability on slitted disk 


Theoretical curve for instability with uniform suction, 
based on experimental critical value for zero suction. 
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F1GuRE 2. Comparison between theory and experiment for the effect of suction on 
the state of flow over a slitted rotating disk. 


in the flow, it was not easy to interpret the signal. The dashed curve included 
in figure 1 indicates for a rotational speed of 1500 r.p.m. the variation of the 
critical Reynolds number for stability R (defined as r?w/v, where r is the radius, 
w the angular velocity of the disk and v the kinematic viscosity) with the 
value of the suction parameter a (equal to W,/ ./(vw), where W is the mean normal 
velocity over the face of the disk as far out as suction extends). 

The critical Reynolds number was sensitive to rotational speed (or unit 
Reynolds number at the critical position) owing to the roughness of the disk, 
and although a value of 190,000 is indicated in figure 1 for a value of a of 1, the 
value actually varied between 240,000 at 700r.p.m. and 156,000 at 2000 r.p.m. 
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at the same rate of suction. For very high values of the suction parameter, the 
critical Reynolds number appeared to be much larger, increasing to 640,000 for 
a = 5at 1500r.p.m. Certainly, at Reynolds numbers 100,000 to 200,000 above 
this suggested critical value, the flow was undoubtedly turbulent, but it could not 
definitely be said to be stable below this critical Reynolds number as the signal 
was by no means disturbance-free and some mean velocity profiles that were 
measured were not at all close to the theoretical laminar form. As the typical 
frequencies of the vortices arising from cross-flow instability could not be 
detected when an analysis was made of the noise, it was concluded that tran- 
sition with high suction quantities was not caused by instability of the cross 
flow. This is not surprising in view of the small increase with suction in the 
observed transition Reynolds number compared with the great theoretical 
stabilizing effect of suction shown by the dashed curve in figure 2. These results, 
described fully by Gregory & Walker (1953), were confirmed by the additional 
investigation with the slitted skin during which the cause of the difficulty was 
elucidated. 


3.2. State of flow over slitted surface 


In the tests with the slitted skin, the velocity fluctuations were observed using 
a ‘Lintronic’ hot-film anemometer probe held about 0-01 in. away from the 
surface. At given disk rotational speeds and suction quantities, the probe was 
traversed radially and the positions noted at which the state of the flow appeared 
to change. The observed Reynolds numbers and values of the suction para- 
meter at which the changes occurred are all plotted in figure 1, and as the 
observations were not so sensitive to rotational speed as on the woven wire- 
cloth surface, single curves have been drawn through the points. At low suction 
quantities, a critical boundary can be drawn for the onset of the vortex pattern 
associated with instability of the secondary flow: at greater Reynolds numbers, 
transition sets in rapidly. At suction rates above a value of a of 0-4 the vortex 
pattern does not appear, but with increasing Reynolds number the laminar 
flow is disturbed by the presence of a wave of much lower frequency and the 
eventual transition to turbulent flow is spread over a much wider range of 
Reynolds number. Oscillograms showing typical traces to be found in the 
various regions are shown in figure 3. 

It was not possible to increase the suction flow above a value of a of 1-6 
owing to the high resistance of the slits and a limitation on the suction pressure. 
Although in the case of the woven wire-cloth surface further increases in suction 
had apparently extended the region of laminar flow, the performance of the 
slitted disk at a value of a of 1-6 fell a long way short of that suggested by 
calculation in figure 2, and it was clear that simple instability of the secondary 
flow was not the prime cause of transition. 


3.3. Demonstration of the role of transverse contamination 


The explanation which appeared after further investigation was that at high 
rates of suction transition on the disk was due to a novel self-contamination 
effect peculiar to the three-dimensional nature of the flow. For two-dimensional 
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boundary-layer flow over a flat plate, it had been shown by Schubauer & 
Klebanoff (1955) that, provided the boundary-layer Reynolds number was not 
so low that finite disturbances were damped, a wedge of turbulent flow spread 
laterally, having a fully turbulent core subtending a half angle of 6-4° and an 
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a) Start of vortex region. Zero suction, R = 173,000, 540 r.p.m. 
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(6) Vortices breakdown to turbulence. Zero suction. R = 269,000, 700 r.p.m. 
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(c) Turbulent flow. Zero suction. R = 290,000, 700 r.p.m. 
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(d) Laminar flow with suction. a = 0-42, R = 229,000, 750 r.p.m. 
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(e) Vortex region with suction. a = 0:23, R = 316,000, 1000 r.p.m 
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f) Turbulent flow with suction. a = 0:34, R 
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g) Laminar flow with large waves and high suction. a = 0-63, R 
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(hk) Intermittent turbulence with high suction. a = 1-44, R = 321,000, 750 r.p.m. 


FicurRE 3. Oscillograms showing the state of flow over slitted disk. 
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intermittent region with wedge half angle of about 104°. On a solid disk, the 
flow in the stationary disturbances generated by instability of the secondary 
flow travelled downstream and outwards relative to the disk along spiral paths 
which made an angle of about 14° with the tangential direction (Gregory & 
Walker 1953; Gregory et al. 1955). It was noticed that the centre line of a 
wedge of turbulence arising from a surface excrescence on a disk lay on a similar 
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FicuRE 4. Records showing the effect of suction on the spread of the wake of a surface 
excrescence in turbulent flow, indicated by the sublimation of naphthalene (the position 
of the three cases in relation to critical conditions is shown in figure 2). A: n, 750 r.p.m.; 
r, 10in.; R, 350,000; a, 0. B: n, 750 r.p.m.; r, 10in.; R, 350,000; a, 0-25. C: n, 750r.p.m.; 
r, 10:2 in.; R, 363,000; a, 0-67. 


spiral so that the inner edge of the wedge moved outwards along a spiral that 
eventually made an angle of only a few degrees to the tangential direction 
when the full spread of the wedge was achieved. As the effect of suction is to 
reduce the radial outflow it was thought possible that the inner edge of a turbu- 
lent wake might lie on a path that would be inclined towards the centre on an 
inward rather than on an outward moving spiral. This conjecture could not be 
proved on the disk in a region where suction maintained the flow laminar, 
since such a region existed only near the centre of the disk at low Reynolds 
numbers where the postulated flow was not present, presumably because the 
turbulence was damped out and would not spread laterally at such a large 
angle. The point was made, however, by experiments in which the naphthalene 
sublimation technique was used to visualize the wedge of turbulent flow behind 
a surface excrescence in a turbulent boundary layer. Owing to the increased 
mixing in the wake of the excrescence, a region of increased shearing stress was 
found extending 2 to 3 in. downstream of the excrescence, and figure 4 shows 
that at high suction rates the inner boundary to this region becomes parallel 
to the tangential direction and the disk is therefore self-contaminating. 


Discussion 4.1 Discussion on rotating-disk flow 


It appears that at low suction rates (a < 0-4) the critical Reynolds number 
observed experimentally (figures 1 and 2) corresponds to the minimum critical 
Reynolds number for neutral disturbances of the linearized theory. In view of 
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the large departure of the suction arrangements from that of uniform distributed 
suction, the stabilization of the flow to a given Reynolds number by means of a 
suction rate 75°% greater than that predicted with uniform suction is a not 
unsatisfactory result. Note also that if the velocity profile on the disk is the 
theoretical one, the observed critical value of the Reynolds number r*w/v of 
135,000 without suction corresponds to a cross-flow Reynolds number 
x (= Vmaxd/v, where Vmax is the maximum value of the cross-flow velocity and 
6 is the boundary-layer thickness) of about 340. With the suction parameter a 
equal to 0-4, the observed critical Reynolds number of 225,000 would corre- 
spond to a value of y of 270 if the profiles were those appropriate to uniformly 
distributed suction, although with suction through discrete slits, the values of y 
upstream and downstream of a slit presumably lie above and below this mean 
value. As expected, there is no stabilization of the cross-flow profile by suction, 
and the critical value of y has not been raised. 

At high suction rates, the transverse inward spread of the disturbances 
enables them to reach regions of lower Reynolds number upstream of those at 
which linear theory would indicate infinitesimal disturbances to be first ampli- 
fied. There is presumably a balance between the transverse transfer of energy to 
a disturbance, the energy dissipated by the disturbance and that given to the 
mean flow. The oscillograms of figure 3 in the order f, A, g (although not taken 
with a constant value of the suction parameter) show the more rapid decay 
of the high compared with the low-frequency turbulence as the Reynolds num- 
ber is reduced. The observed minimum critical Reynolds number clearly has a 
value which in the linear theory would be appropriate to some degree of 
damping. Above this minimum, the oscillograms show that finite disturbances 
of considerable amplitude are present, so that any attempt to calculate the 
state of the flow would have to be based on the non-linear mechanics of hydro- 
dynamic stability as discussed by Stuart (1958), with the added complications 
of both boundary-layer growth and transverse energy transfer. At the moment 
such calculations do not appear to be feasible. 

A significant feature in view of the above considerations is that at low suction 
rates, turbulence finally develops in the disturbed flow very rapidly with increase 
in Reynolds number, whilst at the higher suction rates where the undistorted 
flow is stable to infinitesimal disturbances, turbulence develops but slowly in 
the direction of increasing Reynolds number. This may also be due to the fact 
that some energy is now spreading inwards instead of all being convected down- 
stream with the disturbances. 

Tests with distributed suction on a wholly porous sintered steel disk have also 
been reported by Giles (1957). In this experiment, the suction chamber rotated 
with the disk so that the centrifugal pressure gradient led to a graded suction 
distribution with inflow at the centre and outflow near the rim, even when there 
was no net flow through the disk. The stabilization achieved is shown in figure 2, 
the lower curve representing conditions with no net flow, the upper one with a 
net flow. The suction parameter represents the mean value of suction out to the 
instability point; variations in the value were obtained by altering the rotational 
speed. It can be seen that at small rates of suction (a < 0-4), the rate of in- 
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crease in stability with suction is less marked than with the slitted disk, although 
better than that obtained with the woven wire-cloth surface. Limitations 
imposed by waviness were again present. At high rates of suction there is a 
slight improvement over the present results, although the increase in stability 
Reynolds number is nowhere near that suggested by the linear theory. This 
improvement is due to two effects. With a wholly porous surface, the rate of 
spread of a wedge of turbulent flow is slightly reduced by suction so that the 
self-contaminating effect is postponed to larger rates of suction. Such a reduc- 
tion in wedge angle due to distributed suction has recently been noted in two- 
dimensional flow, thus confirming earlier experiments by the present authors 
(Gregory, Walker & Devereux 1948) which suggested this effect and showed that 
the wedge was completely suppressed by suction quantities of the order of 
five times those used in the slitted disk experiments, but this suction rate had 
the additional effect of reducing R;. to an extremely small value. The second 
possible reason for improved results with the porous disk used by Giles (1957) 
may lie in the fact that the suction rate decreased with distance away from the 
axis of rotation. The effects of inward transverse transfer of energy would thus 
be greater nearer the centre where the boundary layer R;. is low and distur- 
bances well damped, and less farther out where the boundary layer is more 
sensitive to the effect. To obtain the maximum extent of laminar flow on a 
rotating disk it may thus be advantageous to reduce or terminate the suction 
outboard of the radius at which instability occurs. 

Although distributed suction slightly reduces the lateral spread of a wedge of 
turbulent flow, it is also the most effective way of reducing the outflow on a 
rotating disk. Calculation shows that the limiting angle at the surface which the 
flow relative to the disk makes with the tangential direction decreases from 
39° 36’ without suction to about 7° at a value of the suction parameter a of 2. 
Similarly, the angle at a distance from the surface where stationary disturbances 
generated by instability of the secondary flow are expected decreases from 13° 
18’ without suction to about 2}° for a equal to 2. Thus can be seen how the flow 
over the disk rapidly becomes a self-contaminating ‘closed’ flow with large 
suction rates, and extensive laminar motion at high Reynolds numbers is 


unlikely. 


4.2. Relevance to problem of maintaining laminar flow over swept-back 
wings with slitted surfaces 


Considering now the case of flow over a swept-back wing, similar difficulties 
arising from the transverse spread of turbulence are only likely to be encountered 
right on the leading edge where the main flow is in a spanwise direction, and 
if a turbulent wedge is present, the whole of the flow outboard of the originating 
excrescence could be turbulent. Wind-tunnel demonstrations of this possi- 
bility are reported by Gregory et al. (1955), Gregory (1960), whilst Gray of the 
R.A.E. had observed the phenomenon in flight tests. It is thus possible that it 
may be necessary to suck somewhat more in the leading-edge region than would 
be suggested by considerations of the linear stability theory. Further down- 


stream the difficulty could not arise. 
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As the hoped-for stabilization with suction was not achieved on the rotating 
disk, it was not possible to test the effectiveness of the slit arrangement at high 
Reynolds numbers. At the highest critical instability Reynolds number of 
240,000 obtained with a value of a of 0-4, calculation suggests that if the 
boundary layer is taken to be roughly that appropriate to uniform suction then 
R, is only 530 and R, is only 2120 for the tangential main flow, which with H 
roughly equal to 2 is in a very stable state. (The critical value of R;. for H = 2 
is about 42,000.) The slit Reynolds number was only about 17 under these 
conditions, and at 1250 r.p.m., the velocity of the disk at the instability point 
was only 70 ft./sec. All that can be concluded, therefore, is that at this relatively 
small Reynolds number and value of U/v, no evidence was found for any effects 
due to slit contour, due to slit sweep (which could be altered by changing the 
direction of rotation), due to rapid variations or breaks in continuity of the 
inflow along the length of the slit, or due to the ends of the additional rows of 
slits at 11 in. radius. It is possible that the flow was affected by these features 
but that the indications were masked by the disturbances due to flow turbu- 
lence and to waviness and discontinuities in the surface. 

The rotating disk can thus no longer be regarded as a satisfactory tool for 
investigation of the effects of suction on secondary-flow instabilities such as 
arise on swept-back wings, or for testing suction surfaces. 


Acknowledgements are due to Dr G. V. Lachmann for his interest in this work 
and for arranging for the slitted skin to be manufactured by Messrs Handley 
Page, Ltd., and to Mr A. Silverleaf of Ship Division, N.P.L., for the loan of the 
‘Lintronic’ hot-film anemometer probe and equipment. The work described 
above has been carried out as part of the research programme of the National 
Physical Laboratory, and this paper is published by permission of the Director 
of the Laboratory. 


REFERENCES 


Gites, W. B. 1957 General Electric Co. America, Tech. Inf. Series, Rep. no. R57AT.76. 

GreGorRY, N. 1960 J. Roy. Aero. Soc. 64, 562. 

GreGoryY, N., Stuart, J. T. & WALKER, W.S. 1955 Phil. Trans. A, 248, 155. Also Proc. 
N.P.L. Symp. Boundary-layer Effects in Aerodynamics. H.M.S.O. 

GreGcory, N. & WALKER, W.S. 1953 Rep. aero. Res. Coun., Lond., no. 16,152. (Un- 
published.) 

Grecory, N., WALKER, W.S. & DEVEREUX, A. N. 1948 Rep. Memor. aero. Res. Coun., 
Lond., no. 2647. 

ScHUBAUER, G. B. & KLEBANoFF, P.S. 1955 Rep. nat. adv. Comm. Aero., Wash., no. 1289. 
Also Proc. N.P.L. Symp. Boundary-layer Effects in Aerodynamics. H.M.S.O. 

Stuart, J. T. 1954 Quart. J. Mech. appl. Math. 7, 446. 

Stuart, J. T. 1958 J. Fluid Mech. 4, 1. 








Se 








An experimental investigation of turbulent spots and 
breakdown to turbulence 
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The theory of hydrodynamic stability and the impact on it of recent work with 
turbulent spots is discussed. Emmons’s (1951) assumptions about the growth 
and interaction of turbulent spots are found experimentally to be substantially 
correct. In particular it is shown that the region of turbulent flow on a flat plate 
is simply the sum of the areas that would be obtained if all spots grew 
independently. 

An investigation of the conditions required for breakdown to turbulence near 
a wall, that is, to initiate a turbulent spot, suggests that regardless of how dis- 
turbances are generated in a laminar boundary layer and independent of both the 
Reynolds number and the spatial extent of the disturbances, breakdown to 
turbulence occurs by the initiation of a turbulent spot at all points at which the 
velocity fluctuation exceeds a critical intensity. Over most of the layer this 
intensity is about 0-2 times the free-stream velocity. The Reynolds number is 
important merely in respect of the growth of disturbances prior to breakdown. 


1. Introduction 


Ever since Reynolds classical experiments, considerable attention has been 
paid to the problem of the origin of turbulence. Nevertheless, it is only in recent 
years that a partial understanding of the physical processes involved has been 
achieved. Throughout this paper we consider only the transition to turbulence on 
a semi-infinite flat plate lying in the Cartesian plane y = 0 with its leading edge 
along x = 0 ina uniform stream of velocity U, in the z-direction. Even under the 
most carefully controlled conditions the free stream will also contain small 
velocity fluctuations of order 0-001 U,, and indeed it is an immediate consequence 
of the linear stability theory that without such fluctuations the layer which grows 
on the plate will remain laminar. In other words a laminar boundary layer 
cannot spontaneously, without the further action of an external disturbance, 
become turbulent. 


The hydrodynamic stability approach 


The early work considered only the initial growth of infinitesimal disturbances 
superimposed on the laminar undisturbed flow (Schlichting 1955). In 1948 
Schubauer & Skramstad brilliantly confirmed the existence of the linear waves 
postulated by this linear theory of the instability of the boundary layer on a flat 
plate. A more exact verification of the details of the theory has been given by Shen 
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(1954). When a small disturbance is applied to a laminar flow for which the Rey- 
nolds number exceeds a critical value, initially the disturbance grows exponen- 
tially with time. While the disturbance is small the Reynolds stress generated by 
the disturbance is negligibly small, but as the disturbance amplitude increases 
the finite velocity fluctuations transport appreciable momentum, and the as- 
sociated Reynolds stress modifies the mean flow so that the transport of energy 
from the mean flow to the disturbance is modified and the disturbance growth 
rate is affected. Recently attempts have been made, notably by Stuart (1958), 
to extend the wave instability theory to the non-linear case of finite disturbances, 
but so far only flows for which the local Reynolds number is independent of 
position in the flow have been considered. Nevertheless, in spite of the success of 
this work on the growth of two-dimensional waves of infinite streamwise extent, 
the stability theory contains no feature typical of turbulence and can at best 
describe the early stages of the flow before the onset of turbulence. In fact, while 
the suggestion (Landau 1944) that a complex non-linear superposition of two- 
dimensional waves of various wavelengths and various wave directions is turbu- 
lence is plausible for, say, convection between parallel planes, this is certainly 
not the case for turbulence on a flat plate which originates in very small regions 
as ‘turbulence spots’ (Emmons 1951). While turbulent spots can be initiated 
from high-amplitude portions of a superposition of boundary-layer waves, they 
can also be initiated by isolated velocity pulses produced say by a spark. 

Further, the linear theory shows that below a critical Reynolds number all 
waves are damped, and this has been verified in detail by experiment. Considera- 
tion of the non-linear equations for a flow with varying Reynolds number (Stuart 
1956, 1958) has not yet produced a definite conclusion as to whether or not a 
finite two-dimensional wave is also damped below the critical Reynolds number. 
Nevertheless, it will be shown below that for a wide class of finite disturbances 
it is possible to initiate turbulent spots at Reynolds numbers well below the 
critical value (provided the amplitude exceeds a certain value). In other words, 
below the critica] Reynolds number the flow is stable to small disturbances but 
unstable to large disturbances. This is a common stability situation. For example, 
consider a ball resting inside a bowl. After a small disturbance the ball performs 
a damped oscillation and returns to its original position, but a sufficiently large 
impulse will make the ball reach the rim and leave the bowl. It is clear that a 
desirable next step would be a theoretical consideration of the growth in a laminar 
boundary layer of an isolated velocity pulse. 


Emmons theory of a transition zone 


A second effect of the modification of the rate of transfer of energy to a dis- 
turbance by the Reynolds stresses is the extremely rapid increase in disturbance 
energy which initiates a turbulent spot. In 1951 Emmons reported the existence 
of turbulent spots and gave a probability calculation of their interaction in a 
transition zone. Subsequent work by Dhawan & Narasimha (1958) has estab- 
lished a remarkably good phenomenological theory of a transition zone. 
tmmons’s theory relies on four assumptions: (1) point-like breakdown, (2) a 
sharp boundary between the turbulent fluid of a spot and the surrounding laminar 
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flow, (3) a uniform rate of spot growth and (4) no interaction between spots. These 
ideas were experimentally investigated in detail by Schubauer & Klebanoff 
(1955). In practice point-like breakdown means that the turbulent spots originate 
from a region of extent less than the boundary-layer thickness. If a hot-wire 
anemometer is placed close to the beginning of a transition zone, the observed 
turbulent spots will be found to be of small extent. Further, under suitable con- 
ditions, an artificial disturbance will initiate a turbulent spot even though the 
disturbance is of small extent. This can be very clearly demonstrated by the dye 
method described below in connexion with figure 2 (plate 1). (Nevertheless, 
the smallest volume of disturbed fluid which will initiate a turbulent spot is not 
yet known.) Schubauer & Klebanoff (1955) have also verified the assumptions 
of a sharp boundary and uniform growth but did not give detailed consideration 
to the interaction assumption, although they indicated that they made qualita- 
tive observations in an experiment similar to that below. It will be one of the 
objects of this paper to give, in §3, experimental evidence for Emmons’s fourth 
assumption that the area of a flat plate covered with turbulent fluid is simply the 
combined area of the turbulent spots present assuming each spot grows inde- 
pendently of all the others. Thus, in view of the detailed validity of Emmons’s 
assumptions, it is not surprising that the consequent theory of a transition zone is 
in excellent agreement with experiment. 


Breakdown 

We have considered the fluid behaviour subsequent to breakdown, but the word 
breakdown correctly implies that the spots originate from a very small volume 
and suggests the importance of the disturbance present immediately before 
breakdown occurs. It is important to note that this does not imply that the 
character of the flow far upstream of the breakdown point is unimportant, but 
rather that the role of the upstream flow is to produce and amplify disturbances 
of which those that satisfy certain local conditions will break down to turbulence. 
Indeed, the conclusion that breakdown is determined by local conditions is the 
principal result of this paper. 

It has already been noted that spots can be initiated by an isolated velocity 
pulse established in the laminar boundary layer. Although to specify a pulse 
in general it would be necessary to give the velocity fluctuation as a function of 
position and time, an approximate specification is obtained from the longitudinal 
extent (from zero to zero) in the flow direction X, the lateral extent Z, and the 
maximum value of the velocity fluctuation in the flow direction w,,(y) as the pulse 
passes over the observation point. This specification ignores the other velocity 
components and the fluid acceleration, but it will appear below that a more 
detailed specification within the experimental accuracy is not required. Let such 
a pulse pass over a point at (7, y), where the undisturbed velocity profile is U(y) 
and the boundary-layer thickness is 6 (U = 0-99U, at y = 6). The subsequent 
behaviour of the pulse is determined by the seven quantities x, y, U,, or U(y), X, 
Z, u,,, and either kinematic viscosity v or d (= 5,/(va/U,)); from these are obtained 
the convenient dimensionless parameters the Reynolds number R = U,z/p, 
y/d, u,,/U, X/6 and Z/é. The purpose of the experiment described in §4 is to 
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investigate the relation between these five parameters for pulses on the verge 
of breakdown. It will be shown that breakdown occurs for all pulses for which 
u,,|U > u*, where u* is a function only of y/é whatever the Reynolds number or 
the spatial extent of the pulse. This surprisingly simple result confirms the 
suggestion that breakdown is determined only by local conditions. 

Considerable evidence has already been presented by Klebanoff & Tidstrom 
(1959) to support the result that breakdown depends critically on u*. They 
produced a boundary-layer wave downstream of a vibrating ribbon and found 
that breakdown was first noticed in the high amplitude portions of the wave. 
From measurements restricted to y/é = 0-2 and over a small Reynolds number 
range, they found that this occurred when wu’/U = 0-22, where w’ is the root- 
mean-square x-velocity fluctuation. Unfortunately, from Klebanoff & Tidstrom’s 
data it is difficult to relate w,, and wu’, but just before breakdown was noticed the 
wave shape was composed of long rather rectangular pulses sothat0-7 < w,,/u’ < 1 
and u* = 0-25. That this is somewhat in excess of the value 0-18 to be given here 
is to be expected. While Klebanoff & Tidstrom find the value of wu’/U at which 
breakdown is first observed at y/d = 0-2 it is clear, as they point out, that this is 
not necessarily the point at which breakdown first occurs. In fact from their 
data we find the maximum value of u’/U just prior to breakdown is near y/d = 0-3. 
Near breakdown there is a very rapid increase in w’/U to a maximum value about 
twice the breakdown value, so that a small error in locating the position at which 
breakdown first occurs at all in the layer leads to a large overestimate of the 
critical value of u’/U. Nevertheless, considering that the possible systematic 
error in determining w/U or u’/U by means of a hot-wire is rather large (10-20 %), 
it is doubtful if there is any significant difference between Klebanoff & Tidstrom’s 
estimate of u* and the values given here. Finally, it should be noted that although 
in the preliminary investigation of this problem a number of different hot-wires 
were used, all the data presented here was obtained with a single hot-wire which 
maintained its calibration throughout the experiment, so that although the 
absolute value of u* may be somewhat in doubt it was clearly shown that break- 
down occurred at a critical value of u*. 


2. The role of the Reynolds number 
Behaviour of a disturbance generator 


It has been suggested that the Reynolds number is important only in the growth 
of disturbances prior to breakdown, and in fact it is the dominance of the Rey- 
nolds number in this growth that is responsible for the belief that the Reynolds 
number is also important for breakdown. Those investigations, such as that of 
Webb & Harrington (1956), which report the Reynolds number of transition as 
a function of the amplitude of a disturbance generator refer to the operation of 
the generator rather than to the origin of turbulence. Such investigations do, 
however, make clear the obvious but important point that at low Reynolds 
numbers very much larger amplitudes of the disturbance generator are required 
to produce a given u/U. In fact any such device is completely inhibited for U, 
sufficiently small. 











—= «=> Mm Fe wf ~~ 


Fic 
to 1 
flov 


in f 
var 
alk 
rou 
fro1 
trar 
four 
tun: 
ups 
and 
expl 
agin 
of t] 





Ze 





Turbulent spots and breakdown to turbulence 239 


Consider in detail a particular case (Schlichting 1959), that of transition behind 
a circular cylinder of diameter k laid normal to the stream at x on a flat plate 
where the undisturbed boundary-layer thicknessis 3. The location of the beginning 
of the transition zone x, will be a function of k, x, 6 or v, U, or U(k), and some mea- 
sure of the free-stream disturbances such as wu’ the root-mean-square x-velocity 
fluctuation. Suitable dimensionless parameters are R, = U,2,/v, R,, = U(k) k/v, 
k/d or x/k, u’/U,. The experimental data, given by Dryden (1953), is reproduced 

























bs Transition behind cylinder 
\ R, = 260 
\ 
Natural transition 
R, a function of u'/U, j 11400 
j 
Interaction 
—— Transition at cylinder x = x, 
for x/k = 1100 
10° 
R, 
313 
| 1 | 
0 01 0:2 03 0-4 


k/6 
FicuRE 1. Reynolds number of transition behind a cylinder of diameter k placed normal 


to the stream on a flat plate. Data given by Dryden (1953). Below the heavy curve the 
flow cannot be turbulent. ©, k varied; O, @, 6 varied. 


in figure 1 as a relation between R, and k/d. Low values of k/d were obtained by 
varying k with fixed x, 6, but the higher values of k/é were obtained with fixed 
a/k by varying 6. For k/6 very small the flow is unaffected by the presence of the 
roughness element. Here R,, < 10 so that the boundary layer does not separate 
from the cylinder, no vortices are shed and R, is determined by w’/U, as in natural 
transition. Schubauer & Skramstad (1948) have investigated this relation and 
found that R, decreases as w’/U, increases. It is worth noting that in most wind 
tunnels w’/U, is a function of U, M/v, where M is a length characteristic of the 
upstream section of the tunnel (say the gauze spacing). The relation between R, 
and k/d for k/d < 0-15 is consistent with the result of the present paper and is 
expressed implicitly by wu,,/U = u*, where w,, is the maximum value of wu at 
a given point. The result of the present paper is not applicable in any other region 
of the flow problem under discussion. 
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As k increases beyond R, = 100 the boundary layer separates at the cylinder 
and vortices are shed. These vortices interact with the free-stream disturbances, 
so that the transition point is moved towards the cylinder until for & sufficiently 
large transition occurs in the shear layer of the separation zone. Transition in the 
separated shear layer will be determined by U(k), k, v; that is by R,,. The curve 

?}., = 260 gives the best fit of Dryden’s data. This value is reasonable but a little 
lower than the value #&,, = 300 at which visual inspection of the flow in a water 
channel showed the first signs of disturbances in the separated shear layer. Fur- 
ther increase in k cannot move the transition point past the cylinder position z. 
This is seen in figure 1 where the points taken at constant x/k follow the curves 

= U,x/v for larger values of k/6. The points will begin to approach the curves 
= U,x/v when transition first occurs in the separated shear layer. 


Natural transition 


In natural transition on a flat plate six zones can be distinguished in practice. 
First, there is a laminar zone in which the disturbance amplitude is less than that 
in the free stream. Secondly, an oscillatory zone commences at 


R = R, = 1-12 x 10°. 


In this zone the fluctuating motion is largely a rapidly growing two-dimensional 
boundary-layer wave. With care this zone can be made to extend at least to 
R = 3x 10® (Schubauer & Skramsted 1948). The third zone is entered when the 
boundary-layer wave begins to interact with the free-stream disturbances. It 


can be shown that a vortex line moving near the wall in a boundary layer is 
unstable to small disturbances along its length. Even the most careful attempt to 
reduce the free-stream disturbances does not prevent the wave front becoming 
rapidly distorted (Hama, Long & Hegarty 1956). The behaviour of the first three 
zones is dominated by the Reynolds number. Generally by this stage the dis- 
turbance intensity is approaching u* and the fluid passes into a fourth zone in 
which breakdown occurs at the high intensity points of the wave front where the 
intensity reaches u*. This breakdown zone is narrow (Dhawan & Narasimha 1958) 
because the rate of growth of the velocity fluctuations is rapid in the third zone. 
In the fifth zone, the so-called transition zone, the spots grow linearly—evidence 
that they are only weakly affected by the Reynolds number—until they merge 
into the sixth zone of full turbulence which is again dominated by the Reynolds 
number. It is perhaps not entirely surprising that the two regions, laminar and 
turbulent, each differently dependent on the Reynolds number should be sepa- 
rated by a breakdown region independent of the Reynolds number. 


3. Turbulent spots, experimental results 

Form and growth 
Turbulent spots can be conveniently visualized by placing a flat plate in a water 
channel and injecting dye through a slit parallel to the plate leading edge, or 
more simply by sprinkling dye particles onto the plate so that dye spreads down- 
stream in a thin layer which remains close to the plate wall. If now a localized 
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Figure 4. Photographs of two spots initiated 5¢m apart in a classroom demonsiration 
channel. Water depth 5mm, discharge velocity 32 cm/sec. The lines are spaced 20 em 
apart. The photographs show an area approximately 15 x 10 em. 
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disturbance is produced at some point, say the end of arod momentarily poked into 
the boundary layer, the motion produced by the disturbance as it moves down- 
stream is clearly revealed by breaks or clear patches occurring in the dye sheet. 
If the disturbance is large enough a turbulent spot will be initiated. Figure 2, 
plate 1, shows a photograph of the disturbed dye sheet produced by a turbulent 
spot, obtained by this method in the 14in. water flume of the Engineering 
Laboratory, Cambridge. The photograph was taken 3-9sec after a disturbance 
lasting 0-1 sec was produced 50cm downstream of the plate leading edge with a 
free stream of velocity U, = 23-0cm/sec and 6 = 1-2cm at x = 130cm. 

The general features of a spot as revealed by figure 2 (plate 1), have already 
been obtained from hot-wire measurements by Schaubauer & Klebanoff (1955). 
To the right of the photograph is a V-shaped region of turbulent fluid lying 
115-145 cm downstream of the leading edge and to the left the fluid returns to 
laminar flow as the spot passes downstream to the right. The striations in this 
laminar region are due to elements of dye which are rapidly extended in the flow 
direction by the high shear near the plate. The turbulent—laminar boundary is 
sharply defined, although distorted on a scale comparable with the boundary- 
layer thickness. This property of a sharp division between laminar and turbulent 
fluid appears to be one of the general characteristics of turbulent fluid. Within 
the spot itself a large portion of the fluctuating motion is surprisingly regular and 
periodic. The principal components of the fluctuating motion appear very similar 
to so-called horseshoe vortices; that is, regions of localized vorticity, the core of 
which is U-shaped and parallel to the plate but with the head of the U pointing 
downstream and moving away from the wall. They appear similar to structures 
identified by Grant (1958) in a turbulent boundary layer. As yet, however, no 
detailed investigation of the structure of spots has been reported. 


Interaction 


It was mentioned that little attention has been given to Emmons’s assumption 
which relates to the manner in which turbulent spots interact. This problem of 
the interaction of spots is also of interest in connexion with transition on a finite 
flat plate (to be published). It has been shown experimentally that transition 
occurs near the side edges of a finite plate much sooner than transition in the 
middle of the plate. Turbulent spots originate from a small volume on the edge 
of the plate and as they grow downstream sweep out a narrow tongue of dis- 
turbed fluid near the edge, while the bulk of the flow over the plate is still laminar. 
We then have the problem of the manner in which the edge regions combine with 
the normal transition zone, or if the plate is very narrow with one another. Both 
these problems are most simply investigated by studying the interaction of two 
equal but laterally displaced spots. 

A thin aluminium flat plate was set parallel to the incident stream (U, = 820 cm/ 
sec) in the 15in. wind tunnel of the Cavendish Laboratory, Cambridge. Sparks 
were fired simultaneously at arate of 2/sec across two 3mm spark gaps placed 25cm 
downstream of the leading edge and 5cm apart so that two spots were simul- 
taneously initiated 5cem apart at the spark gaps. The subsequent interaction 
downstream of the spark gaps was studied with a hot-wire placed so that y/d = 0-4 

16 Fluid Mech. 9 





242 J. W. Elder 


and connected to a triggered oscilloscope, the triggering signal for which was 
obtained from the spark generator. The proportion of time y that the flow at a 
point was turbulent was obtained directly from the pulse length observed on the 
oscilloscope. The results are shown in figure 3 as a series of curves of constant y. 
(Notice that here y is proportional to the pulse rate.) Superimposed on the figure 
are two overlapping shaded areas representing the outline of each of the turbulent 
spots at a particular instant assuming each spot grows independently of the other. 
(The outline was traced from that of figure 2, plate 1.) Figure 3 shows that the 
assumption is correct. An isolated spot grows linearly in time as is verified here 
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FicureE 3. Interaction of two equal spots initiated 5 cm apart at x = 25cm. Curves of 


constant intermittency y for a fixed repetition rate of 2 pulses/sec. The overlapping shaded 
areas represent the outline of the two spots at a particular instant. The outline was copied 
from figure 2 (plate 1). Scale 1:4. 


where the lines of constant 6 are largely made up of straight lines. But this is also 
the case within the possible interaction zone, the triangular area BAC. A small 
interaction zone does exist on the line of symmetry through A, but its width is 
only of order 6 as might be expected, since the edge of a spot is contorted with a 
scale of order 6. A simple demonstration of the independent growth rate was 
given by noting that y was unaltered in BAC (except for the narrow strip of 
width 6 through A) if either spark was switched off and also unaltered below AB 
if the upper spark was switched off. Thus the curve dividing turbulent from lami- 
nar fluid is the envelope of the superimposed curves from independent individual 
spots. 

The interaction of spots can also be studied qualitatively in the same manner 
as that used to obtain figure 2 (plate 1). Figure 4 (plate 2), shows a series of 
photographs of two spots initiated 5cm apart in a shallow flume used for class- 
room demonstrations. The flume was 30cm wide and water was supplied up to 
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10gal./min from a laboratory tap. The difference in the shape of the spots in 
figures 2 and 4 is due to the fact that in figure 4 the undisturbed flow is independ- 
ent of x. A visual study of the interaction of spots in the water flume confirmed 
that there was no noticeable alteration in the growth rate of one spot due to the 
presence of another. 


4. Turbulent breakdown, experimental results 


We wish to know the conditions under which an isolated and localized pulse 
will initiate a turbulent spot. The main difficulty in determining these conditions 
accurately is in producing a regular sequence of pulses as near similar as possible. 
The first method tried was that of a small circular cylinder momentarily intro- 
duced into the boundary layer through a hole in the plate. (The alternatives of a 
cylinder introduced from the free stream or a puff of air through a hole in the 
plate were not tried.). The cylinder was mounted on the armature of an electric 


Experimental limits Au 





FicureE 5. Oscillograph trace downstream of a regular sequence of spark pulses. 
1 I 


relay with a variable stop to the motion of the armature, so that the distance 
the cylinder penetrated the flow could be easily varied. Pulses of a few cycles/ 
sec to operate the relay were obtained from a scale of 64 counter fed by a Beat 
Frequency Oscillator. This method was only moderately successful. The motion 
of the pulse was obscured by the presence of quasi-periodic oscillations and there 
was great variation in the pulse amplitude from pulse to pulse. The second 
method was that of a spark driven by discharging a condenser across the primary 
of a 1: 100 transformer. Control over the pulse amplitude was obtained by varying 
the condensor charging voltage. It was found that even when no spark occurred 
that a velocity pulse was formed from the motion of the partially ionized air in 
the vicinity of the spark gap. No consideration was given to possible non-iso- 
thermal effects after a spark, since the ionization level was seen by visual obser- 
vation with the laboratory blacked out to be negligible less than 1 cm (1 msec) 
downstream of the spark gap. Figure 5 shows a schematic oscillograph trace 
obtained from the hot-wire probe although in practice the signal was observed 
on a triggered oscilloscope. The voltage pulse was gradually increased until some 
of the pulses were turbulent. The critical velocity fluctuation w,, and the experi- 
mental limit Aw was determined such that (1) all pulses of amplitude greater than 
uw, +4Au had broken down, (2) no pulse of amplitude less than w,,—4Au had 
broken down. This procedure is complicated by the occasional extra-strong 
pulse for which turbulence is fully spread through the pulse, since the maximum 
values of win the spot generally drop off rapidly as the eddies of smaller size appear 
16-2 
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in the spot. Successive pulses were sufficiently similar to allow u* to be deter- 
mined to + 10°%. Pulses were produced over the following ranges: x = 15-100cm 
and U, = 200-1500 cm/sec, or R = 2 x 104 to 10® and X/d = 0-5-380. 

It should be emphasized that the hot-wire probe was always downstream of the 
spark, the spark and the probe were separated by varying distances and that the 
critical pulse intensity was that which caused breakdown just ahead of the probe, 
rather than at the spark. 
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R = U,a/v and X/6. 


Figure 6 presents the main result of the paper u* as a function of R and X/0d, 
obtained at y/d = 0-6. It was not possible, however, to vary R and X/éd com- 
pletely independently, but in the data of figure 6 for each value of R values of 
X/d were possible covering a range of about 10:1. Thus it is simplest to regard 
figure 6 as presenting the same data in two different ways. This method is pre- 
ferable to a three-dimensional diagram with axes u*, R and X/6é, since R and X/é 
are only slightly correlated. 
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The breakdown condition is independent of the Reynolds number over the 
50: 1 range 2 x 104 to 108. This remarkable result confirms the idea that breakdown 
is determined by local factors alone. It is also important to notice that break- 
down is possible at Reynolds numbers much lower than R, = 1-12 x 10°, the 
critical value below which the layer is stable to all small disturbances (Schlich- 
ting 1955). It is also surprising that w* is independent of X/6. (The lateral extent 
of the pulses Z/d was in the range 0-5-10 but was not controlled or generally 
measured.) 
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FIGURE 7. Critical intensity as a function of y/é. 

The critical intensity u* is therefore a function only of y/é and this relation is 
shown in figure 7. Over most of the layer u* = 0-18. 

It is now clear that transition to turbulence is largely independent of the 
particular way in which disturbances arise in a layer and that the Reynolds 
number which has hitherto been considered as an important parameter, directly 
affecting transition, is important merely in the processes responsible for the 
growth of the disturbances. 


I gratefully acknowledge that my period of research at Cambridge was made 
possible by my employers, the New Zealand Defence Scientific Corps. 
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On the movement of ships in restricted waterways 


By T. CONSTANTINE 


Department of Civil Engineering, Manchester University 
(Received 4 May 1960) 


In this paper some simple theoretical considerations concerning the movement 
of ships in restricted waterways are discussed, and it is shown that for a ship towed 
from the bank, or by any external force, there are three distinct speed ranges: 
subcritical, critical and supercritical. In the subcritical and supercritical ranges, 
Bernoulli’s equation and the continuity equation are satisfied everywhere by a 
state of steady motion relative to the ship, but in the critical range these laws 
require that a quantity of fluid is piled up continuously ahead of the ship in the 
form of a bore. Experimental confirmation is given by means of photographs of 
model tests. 


1. Introduction 


When a ship passes along a canal or other restricted waterway, it has been 
observed that the distance between the keel of the ship and the canal bottom 
decreases as the speed increases, and in fact on occasions the ship has been known 
to strike the bottom. This phenomenon is known as ‘squatting’. In response to 
a request from the Manchester Ship Canal Company, the author undertook an 
investigation into the problem of squatting. In addition to a theoretical con- 
sideration of the problem many model tests were carried out in the Whitworth 
Laboratories at Manchester University. 

One of the main outcomes of the investigation was the elucidation of a distinc- 
tive yet little-known general property concerning the movement of floating 
bodies along canals. This is that there are three types of flow régime according to 
different speed ranges. The principal aim of the present paper is to explain this 
property and to show, for each of the three cases, the relationships between the 
salient parameters of the problem, such as the dimensionless ship speed (i.e. 
a Froude number) and a dimensionless parameter measuring the degree of 
squatting. The theoretical model considered is severely simplified, but photo- 
graphs of an experimental demonstration are presented which confirm the 
essential distinctions between the three possible régimes. 


2. Theoretical treatment 


To reduce the problem to its simplest form, the following assumptions are 
made: 

(1) The ship moves with a constant velocity V, along a canal of uniform 
rectangular cross-section breadth b and undisturbed depth 4. 

(2) The canal extends rectilinearly to infinity in both directions. 
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(3) The cross-section of the ship is uniform over its whole length and the end 
effects are ignored. 

(4) The velocities of the water particles in any cross-section are constant over 
that cross-section. 

(5) The loss of head due to friction is neglected. 

(6) The effects of the secondary wave system are ignored. 

(7) Any force necessary to move the ship is provided externally—not by 
means of a propeller which causes a reaction on the water. 

Let us choose a frame of reference moving with the ship, so that the problem is 
reduced to one of steady flow. The sides and bottom of the canal must of course be 
considered to be moving past the ship with a velocity V,; but since we are in effect 
dealing with an ideal fluid, this motion of the wetted boundary will not influence 
the flow. 
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FicurE 1. Idealized motion of the ship in the subcritical range. 


With reference to figure 1, we have as the equation continuity 
V;by, = Valbys—A), (1) 
where A is the underwater cross-sectional area of the ship, y, the depth of the 


water alongside the ship, and JV, the velocity of the water alongside the ship. 
Bernoulli’s equation takes the form 


oe 
2¢ +Yy a 2g + Y3- (2) 
Combining equations (1) and (2), we get 
. (V2-—V2)b 
V, by, = V. ly i —A}. 3) 
1"91 "7 J1 29 | ( 
Introducing the dimensionless parameters 
S = < é = = - 
blockage factor oa 
. a Y3 F, = V, 
% (gy) 
it can be shown that (3) reduces to 
: 2d(1—d—S)? ]* 
f= , 4 
‘ ee= (4) 


If the relationship between F, and d for various values of the blockage factor S is 
plotted, a remarkable property comes to light (see figure 2). It would appear that 
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for a given blockage factor there is a certain speed beyond which it is impossible 
for the ship to go. At this ‘maximum’ speed the ship will have squatted by a 
certain amount shown by the value of d corresponding to the maximum value 
of F,. If the value of x/y, (where x is the clearance between the bottom of the ship 
and the bottom of the canal when stationary) is less than this limiting value of d, 
then the ship will strike the canal bottom at a speed corresponding to d = x/y;. 
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FiGuURE 2. The relationship between the Froude number F, (based on the speed of the 
ship and the undisturbed depth of the canal) and the dimensionless ‘squat’ d of the ship 
for various values of the blockage factor S. 


This speed of course will be less than the maximum for that one blockage factor. 
If, however, the value of x/y, is greater than the limiting value of d, it is necessary 
to ask what happens to the ship if it attempts to exceed the ‘maximum’ speed? 


3. Conditions at higher speeds 


At first sight a possible solution to this problem is that the ship would catastro- 
phically sink if the velocity was increased by a fraction; but a more likely solution 
follows from an idea given in a publication by Lap (1950) in which he considers 
the work of Krietner (1934). 
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From equation (3) we can derive 


My, Vs ji-s 1(V3 


(gy) (gy) 


{VR al 
2 \gyy gy) 


If now V;/(gy,)* is plotted against V,/(gy,)* for a range of values of S, figure 3 is 
obtained. Here it can be seen that, as V, increases, so does V, up to a certain 
maximum value beyond which once again there is apparently no real solution. 












































FicureE 3. The relationship between the Froude numbers based on the speed of the ship 
and the relative velocity alongside the ship for various values of the blockage factor S. 


In other words, up to this maximum value of V, the quantity of water flowing past 
the sides of the ship is capable of adjusting itself to take all the water presented 
by the corresponding value of V;. Beyond the maximum, however, V; is no longer 
capable of keeping pace with V,, and the excess water must be piled up in front 


of the ship. 


Before this problem can be considered further, it is necessary to investigate 
what happens fore and aft of the ship as the water is piled up. 
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4. Idealized ‘piston’ motion in a canal 

Consider a canal of uniform rectangular cross-section (see figure 4) extending 
rectilinearly to infinity in both directions. The canal is filled with a perfect liquid 
toa depth of y,. Across the cross-section, and completely blocking it, is a flat plate 
capable of being moved along the length of the canal at a constant speed. If in 
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FicurE 4. Idealized piston motion in a canal. 


fact the plate is moved with a constant velocity w, the resulting motion ahead of 
the plate will be as shown and the speed of the bore front will be given by 


Yo (Yat Yo) |? 
aioe) 
Y1 i. 
(cf. Stoker 1957, p. 328). 


To investigate the motion at the rear of the plate it is convenient to consider 
first the motion of a simple wave in shallow water (Stoker 1957, Ch. 10). If u the 
horizontal velocity component and c the propagation speed are both functions of 
x, the horizontal distance travelled, and of time ¢, it can be shown that in the 
(x, t)-plane we have two sets of characteristics C, and C, which are the solution 
curves of the ordinary differential equations 


dx 
Ci: = =ute, 
dt 
dx 
C,: = =u-e 
>" dt 
Also u+2c=k, aconstant along C,, 


u—2c=k, aconstant along C,. 
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This can now be used to determine the form of a disturbance behind a plate 
which is completely blocking the canal, and which is moving at a constant velocity 
w in still fluid of constant depth y,. The acceleration of the plate to the velocity w 
may be either gradual or instantaneous but provided the position of the plate is 
known for all t, solutions are possible. 
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FicureE 5. The (2, t)-relationship describing the disturbance to the rear of a plate which 
completely blocks the canal cross-section and accelerates gradually from rest to a constant 
velocity w. 


FIGURE 6. The (x, t)-relationship describing the disturbance to the rear of a plate which 
completely blocks the canal cross-section and accelerates instantaneously to a constant 
velocity w. 


The situation when the acceleration of the plate is not instantaneous is given in 
figure 5. Zone 1 represents the quiet area where the disturbance has not reached, 
and zone 2 represents a region of variable depth joining zone 1 to zone 3 which is 
another zone of constant depth. The two equations which define the straight 
characteristics in zone 2 are determined as follows: 


9 = ? —_ 2 ee 
Ug — “Co = Ug— 2g = — ly, Cy = FUgtCy, 
dx P 
a Ug tlg = $UgtCo. 


Since c, = [g(¥, + 7q)]?, the surface elevation 7, can be determined anywhere in 
zone 2 at any time f. 

Similarly the equation for zone 2 when the acceleration of the plate is assumed 
to be infinite (figure 6) is derived as follows: 
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Again knowing c = [g(7 + y,)]?, the surface elevation 7 can be determined any- 
where in zone 2 at any time ¢. 

Thus for the given condition we can accurately describe the motion fore and 
aft of the plate when it moves with a uniform velocity w. 


5. The critical and supercritical ranges 


Whilst on the face of it there seems to be little connexion between a plate which 
completely blocks the canal and a ship which is floating and in addition only 
blocking a fraction of the canal cross-section, the information just derived can in 
fact be used. The water piled up in front of the ship will cause, as in the case of the 
plate, a surge or bore to travel ahead and consequently a negative disturbance aft 


of the ship. This is illustrated in figure 7. It should be noted that we are still 
assuming that there are no end effects and the ship therefore retains an even keel. 














FIGURE 7. Idealized motion of the ship in the critical range. 








FicurE 8. Idealized motion of the ship in the critical range, the frame of reference 
moving with the ship. 


It is easily seen that the expression for c has the same form as before. Con- 
sidering now the motion to the aft of the ship, we have, for the total quantity 


passing the ship, , = 
dain: b(V,—w) ys = (Vy — 4) Yo. 
But we know that 


c = (gy4)* = (gy) — 4w, = (ys)? — 44, 
W, = 2[(gy1)* ae (gys)*], 
(Vi — we) Yo = (Vi — 2f(gy)? — (gy)*}] s- 


Thus, given y,, we have sufficient information to determine y, and w,. If, there- 
fore, a relationship between y, and V, can be determined, we have a complete 
picture of the behaviour of the ship under the ideal conditions assumed. 

When the ship does start to push forward a quantity of water, the depth and 
velocity immediately in front of the ship will alter and V, (see figure 8) will adjust 
itself to pass the maximum under the new conditions. With sufficient computa- 
tional labour it is possible to work out the values of V;/(gy,)* and d for values of 
V,/(gy,)2 in excess of the critical, i.e. when the steady state ceases to exist. These 
results are shown as chain lines in the graphical representation in figures 2 and 3. 
As V,/(gy,)? increases, V3/(gy,)* continues to increase but at a much slower rate 
than before. At the same time d decreases in value, i.e. the ship begins to rise. 
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But what happens as V,/(gy,)* becomes equal to and exceeds unity? If equa- 
tions (1) and (2) are re-examined it will be seen that in addition to the solution 
already plotted for the subcritical range there are solutions for F, > 1. These 
additional solutions are shown for a range of blockage factors in figures (9) and (10). 
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FiGuRE 9. The relationship between the Froude numbers based on the speed of the ship 
and the relative velocity alongside the ship for various values of the blockage factor S. 
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FicurE 10. The relationship between the Froude number F, (based on the speed of the 
ship and the undisturbed depth of the canal) and the dimensionless ‘squat’ of the ship for 
various values of the blockage factor S. 
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It is clear from a study of these graphs that for a ship moving in a restricted 
passage of fluid (or indeed for any floating body which is moving in a restricted 
passage of fluid, or which is stationary in a moving body of fluid), there are three 
distinct speed ranges: subcritical, critical and supercritical. In the subcritical 
range the Bernoulli and continuity equations are satisfied by a steady state 
everywhere, the excess velocity alongside the ship causing a decrease in the depth 
of fluid and consequently the squatting of the ship. In the supercritical range the 
‘steady-state’ Bernoulli and continuity equations are again satisfied everywhere, 
but, contrary to the subcritical range, there is a reduced velocity alongside the 
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FicurE 11. The idealized behaviour of a ship as it moves at speeds in the subcritical, 
critical and supercritical range. For ease of comparison the diagrams give the position of 
the ship and bore at one fixed time after starting instantaneously from rest. 


ship and hence an increase in the depth of fluid causing the ship to rise above its 
original static position. Connecting the subcritical and the supercritical is the 
critical range where the Bernoulli and continuity equations can only be satisfied 
in the vicinity of the ship if a quantity of fluid is piled up ahead of it. This causes 
a bore to advance ahead and a negative disturbance to move aft and away from 
the ship. Contrary to the other two ranges in which the motion is steady, the 
motion in this case is unsteady. 

It can be shown that as F, increases above the lower critical speed the height 
of the bore increases. At the same time the absolute speed of the bore front 
increases but its speed relative to the ship decreases, i.e. the ship tries to catch up 
the bore front. At the upper critical speed the bore height is a maximum and the 
ship is travelling at a speed only slightly less than that of the bore front, a small 
quantity of fluid still being pushed ahead. Immediately the upper critical speed 
is exceeded however the ship ‘jumps’ on the bore and the bore as such disappears, 
the ship no longer pushing ahead any fluid. Figure 11 shows quite clearly the 
effect as F, increases through the subcritical and supercritical range for the ideal 
case considered. 





256 T. Constantine 


Clearly the shape of the ship and the viscous effects of the fluid will affect the 
results just derived. These effects along with the case of self-propulsion are to be 
dealt with in a separate paper. 

This phenomenon was conclusively demonstrated in the laboratory by towing 
a small ship (8in. long) along a small Perspex channel filled with water. The 
photographs given in figures 12 (a), (b) and (c) (plate 1) show the ship in the sub- 
critical, critical and supercritical ranges, respectively. It will be noticed that in 
contrast to the ideal case considered the ship takes on a considerable trim in the 
critical range. 


The author would like to thank Professor J. A. L. Matheson for his guidance 
and encouragement throughout the whole project and Professor M. J. Lighthill 
for his valuable help on the theoretical treatment. 
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Stability and transition of a supersonic laminar 
boundary layer on an insulated flat plate 


By JOHN LAUFER AND THOMAS VREBALOVICH 


Jet Propulsion Laboratory, California Institute of Technology, Pasadena, California 
(Received 9 May 1960) 


Self-excited oscillations have been discovered experimentally in a supersonic 
laminar boundary layer along a flat plate. By the use of appropriate measuring 
techniques, the damping and amplification of the oscillations are studied and the 
stability limits determined at free-stream Mach numbers 1-6 and 2-2. The wave- 
like nature of the oscillations is demonstrated and their wave velocities are 
measured using a specially designed ‘disturbance generator’. It is shown em- 
pirically that the stability limits expressed in terms of the boundary-layer- 
thickness Reynolds number are independent of the Mach number and dependent 
only on the oscillation frequency. The main effect of compressibility is an in- 
crease in wave velocity with Mach number. This has the consequence that the 
disturbances, although possessing the same dimensionless amplification coefti- 
cient as in the incompressible case, have less time (per unit distance) to grow in 
amplitude. Thus, the adiabatic compressible boundary layer is shown to be more 
stable than the incompressible one. In general, the experiments confirm the 
basic assumptions and predictions of the existing stability theory and also 
suggest the desirability of improvement in the theory in certain phases of the 
problem. Finally, on the basis of these results a rough estimate of the transition 
Reynolds number is made in the compressible flow range. 


1. Introduction 


The transition of a boundary layer from a laminar to a turbulent state is one 
of the outstanding unsolved problems in fluid mechanics. Its practical import- 
ance is especially recognized in supersonic flows, where the accompanying aero- 
dynamic heating effects become an essential design consideration. 

Today it is a well-accepted fact that in incompressible flows transition is the 
result of not one but of several instability mechanisms (Dryden 1955; Morkovin 
1958). The first stage of the process is the so-called instability with respect to 
small disturbances (provided the free steam is void of large disturbances). This 
instability provides the triggering mechanism for the whole transition process 
and therefore must be considered very important. There are many indications 
that in compressible flows the transition phenomenon is basically the same. The 
present investigation was therefore undertaken with the belief that the study of 
the first stage of transition in the compressible boundary layer, the instability 
with respect to small disturbances, should result in valuable information. 

When the historical development of the stability problem in the incompressible 
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laminar boundary layer is considered, it is surprising to note that despite the 
great interest of theoretical researchers and the great practical importance 
of the problem, very few basic stability experiments were carried out. The com- 
paratively slow progress and the strong controversies in the 1930’s were mainly 
the result of this lack of basic experimental work. After all, fourteen years 
elapsed between 1929, when Tollmien (1929) first published his small-disturbance 
theory for the boundary layer, and 1943, when the experiments of Schubauer & 
Skramstad (1948) fully confirmed the theory. During this period the theory was 
exposed to strong criticism, not only because of its lack of mathematical rigour, 
but also because of its underlying physical model for the transition process. 
Specifically, the theory was attacked because the connexion between the small- 
disturbance instability and transition was not understood at that time, and the 
linearized two-dimensional theory was considered too great an oversimplification 
to describe adequately the strongly non-linear transition process. Furthermore, 
the self-excited boundary-layer oscillations, the most striking prediction of the 
theory, had not yet been observed. Obviously, only direct experiments could 
and did satisfy such criticism. The measurements of Schubauer & Skramstad 
demonstrated not only the existence of the instability waves, but also the fact 
that the behaviour of these waves agrees quantitatively with the theoretical 
predictions. These experiments were followed by a few similarly basic ones: 
Liepmann (1943) applied the technique to boundary layers on curved walls; 
Bennett (1953) considered the effect of increased free-stream turbulence level 
on stability; and, finally, Wortmann (1955) studied the stability problem using 
a completely different experimental method. It is believed that as a result of 
these experiments and of the theoretical studies, especially those of Lin (1945), 
who answered the remaining mathematical questions, the first stage of transition 
in the incompressible boundary layer is well understood. 

If attention is turned now to the stability problem in the compressible boundary 
layer, the lack of basic experimental work again becomes evident. After 1946, 
when the pioneering theoretical work of Lees & Lin (1946) extended the small- 
disturbance stability theory to flows at low supersonic Mach numbers, no per- 
tinent experiments were reported in the literature for more than ten years. In 
contrast to the incompressible theory, however, the theoretical work gained ready 
acceptance; in fact, it was even applied to problems outside the immediate scope 
of the theory. Lees & Lin have clearly indicated that their work is restricted to 
flows at low Mach numbers (below approximately 1-5), where the wave velocities 
are small compared with the free-stream velocity and where the temperature 
fluctuations can be neglected in the relation for the characteristic values of the 
problem. These limitations were partially removed by Dunn & Lin (1955), who 
also included three-dimensional disturbances in their theory. Any further exten- 
sion of the theory to high Mach numbers, however, would become exceedingly 
difficult because of some of the inherent assumptions in the formulation of the 
theory. Neglect of disturbances that are supersonic relative to the free stream, 
for instance, would have to be justified. Undoubtedly, measurements examining 
such questions would be of great value. 

The available experiments, however, do not deal with this basic problem, but 
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with the study of the transition ‘point’ of a compressible boundary layer in the 
light of the stability theories. Although, in principle, strong objections may be 
raised against such direct comparisons, some qualitative results have been 
obtained. It has been shown in several instances that surface cooling increases 
the transition Reynolds number, which is consistent with Lees’s prediction of 
increased stability with cooling (e.g. Lees 1947). Furthermore, various investi- 
gators have reported that with increasing Mach number it becomes more difficult 
to trip the boundary layer, indicating in a loose sense that the layer becomes more 
stable at larger Mach numbers, which is again consistent with Lees’s (1952) 
calculations of decreasing amplification rates. 

At the time the present work was initiated, no experiments which directly 
concerned the first stage of transition (experiments analogous to those of Schu- 
bauer & Skramsted in incompressible flows) existed. This situation derived from 
several serious difficulties. It is well known from experience in incompressible 
flows that a suitable experimental environment is of vital importance. Not only 
the mean velocity and pressure gradients in the wind tunnel, but the tunnel 
turbulence level, as well, must be minimized. Supersonic free-stream turbulence 
is not yet well understood. Also, mechanical and electronic instrumentation can 
present a major difficulty. In the measurement of small-amplitude flow fluctua- 
tions, it is obvious that mechanical vibrations in the traversing mechanisms, 
probes, and flat plates must be largely eliminated. Finally, the hot-wire technique 
must be developed and adapted so that measurements up to 100,000 c/s can be 
carried out and interpreted correctly. 

The experiments presented here succeeded to a large extent in overcoming 
these difficulties. By a careful and detailed examination of the free-stream 
fluctuations in the wind tunnel, a Mach number range in which the stability 
measurements could be accepted with confidence was chosen. The mechanical 
instrumentation was designed in such a way that any vibration or flow dis- 
turbance induced by the system could be immediately detected and corrected. 
Finally, the hot-wire technique and accompanying instrumentation were 
developed to the extent that they were not the major limiting factors in deter- 
mining the scope of the experiments. 

Under these circumstances the investigation at the Jet Propulsion Laboratory 
succeeded in accomplishing the following: 

(1) The existence of self-excited oscillations in a supersonic boundary layer 
was shown experimentally. 

(2) A detailed study of the behaviour of these oscillations was made, and the 
results were compared with theoretical predictions. 

(3) Some of the differences between the stability of the incompressible boun- 
dary layer and the stability of the supersonic boundary layer were further 
brought to focus. 

Some early results of this work are described elsewhere (Laufer 1956; Laufer & 
Vrebalovich 1957). Also, parallel with the present investigation, Demetriades 
(1958, 1960) obtained some interesting results on the stability problem in the 
hypersonic tunnel of the California Institute of Technology at Mach number 
5-8 using techniques similar to those described here. 
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2. Experimental equipment 
2.1. Wind tunnel 


Most of the measurements were carried out in the Jet Propulsion Laboratory 
18 x 20in. supersonic wind tunnel; some of the initial data were obtained in the 
12 x 12in. wind tunnel. The Mach number in the working section of the larger 
tunnel was continuously variable from 1-3 to 5-0. The distribution of the static 
pressure in the test section was uniform to within 2° along the centre-line and 
( six inches below and above the centre-line in the whole Mach number range. 
Such a uniform mean flow field served to great advantage in these experiments. 

Considerable time and effort were spent to reduce the turbulence level in the 
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supply section. Figure 1 shows a portion of the tunnel circuit. The first two screens 
shown in the short entrance diffuser were installed in order to prevent local 
flow separation. At the entrance of the 8ft. diameter stagnation chamber, an 
Airmat paper filter* was stretched across the section to protect the hot wires from 
fine dust particles. The subsequent six damping screens served to reduce the 


turbulence level. 
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FiGuRE 1. Supply section and test section of 18 x 20 in. wind tunnel. 


Turbulence-level measurements in the supply section were made approxi- 
mately 24 ft. downstream of the last damping screen. The results indicated that 
the temperature fluctuations were negligibly small and the velocity fluctuations 
were 1°%, of the local mean velocity for all the tunnel pressures and free-stream 
Mach numbers except for /, > 4:5, where the level dropped to }%. When it is 
considered that even for the lowest Mach number flow the velocity ratio of the 
free-stream and supply-section flow is somewhat more than 40:1, a velocity 
fluctuation of less than 0-01 °% in the free stream is calculated using Tucker's 
method (1953). Consequently, the 1 % turbulence level in the supply section was 
believed to be satisfactory. 

Measurements in the supersonic free stream presented much more difficulty. 
By use of a method proposed by Kovasznay (1953) and Morkovin (1956), the 


* Manufactured by American Air Filter, Louisville, Ky. 
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mass-flow (figure 2) and total-temperature fluctuations could be calculated and 
were found to increase very rapidly with Mach number. It is also seen in the 
figure that the fluctuations increase with decreasing tunnel pressure. The results 
of a detailed study of this problem will be published elsewhere (Laufer 1959) and 
will therefore not be described. Briefly, the fluctuations found in the free stream 
are shown to be due to a pure sound field produced by the thick turbulent 
boundary layers of the tunnel walls. Any reduction of the turbulence level at the 
higher Mach number flows would involve removing the boundary layers from the 
tunnel walls, an extremely elaborate and difficult task, or operating the wind 
tunnel at pressure levels low enough to sustain laminar boundary layers. 
Unfortunately, because of practical limitations, neither was possible. 


(m/m,) x 100 
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FIGURE 2. Mass-flow fluctuations in test section. 
O, Re/in. ~ 90,000; @, Re/in. ~ 330,000. 


From the above considerations it is obvious that any boundary-layer-stability 
work, in which low free-stream turbulence level is a necessity, is possible only 
at the lower Mach number flows in this tunnel. The choice of the upper Mach 
number limit is described in § 5.3. 


2.2. Flat plates 


The experiments were carried out using two different flat plates. For the measure- 
ments at M, = 1-6, a din. thick, 25in. long, plate with a leading edge of 13 degrees 
was used. For the measurements at higher Mach numbers, a lin. thick, 33in. 
long, plate with a leading-edge angle of 24 degrees was provided. Both plates 
were ground and lapped; the leading-edge radii were less than 0-001 in. 


2.3. Traversing mechanisms 
Most of the data were obtained with the hot-wire probe attached to a servo- 
controlled carriage and traversing mechanism (figures 3 and 4). The mechanical 
details are described elsewhere (Laufer & Vrebalovich 1958). 
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tunnel was continuously variable from 1-3 to 5-0. The distribution of the static 
pressure in the test section was uniform to within 2°% along the centre-line and 
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FicureE 1. Supply section and test section of 18 x 20 in. wind tunnel. 


Turbulence-level measurements in the supply section were made approxi- 
mately 2} ft. downstream of the last damping screen. The results indicated that 
the temperature fluctuations were negligibly small and the velocity fluctuations 
were 1° of the local mean velocity for all the tunnel pressures and free-stream 
Mach numbers except for M, > 4:5, where the level dropped to }%. When it is 
considered that even for the lowest Mach number flow the velocity ratio of the 
free-stream and supply-section flow is somewhat more than 40:1, a velocity 
fluctuation of less than 0-01 °% in the free stream is calculated using Tucker’s 
method (1953). Consequently, the 1 °% turbulence level in the supply section was 
believed to be satisfactory. 

Measurements in the supersonic free stream presented much more difficulty. 
By use of a method proposed by Kovasznay (1953) and Morkovin (1956), the 
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mass-flow (figure 2) and total-temperature fluctuations could be calculated and 
were found to increase very rapidly with Mach number. It is also seen in the 
figure that the fluctuations increase with decreasing tunnel pressure. The results 
of a detailed study of this problem will be published elsewhere (Laufer 1959) and 
will therefore not be described. Briefly, the fluctuations found in the free stream 
are shown to be due to a pure sound field produced by the thick turbulent 
boundary layers of the tunnel walls. Any reduction of the turbulence level at the 
higher Mach number flows would involve removing the boundary layers from the 
tunnel walls, an extremely elaborate and difficult task, or operating the wind 
tunnel at pressure levels low enough to sustain laminar boundary layers. 
Unfortunately, because of practical limitations, neither was possible. 
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FIGURE 2. Mass-flow fluctuations in test section. 
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From the above considerations it is obvious that any boundary-layer-stability 
work, in which low free-stream turbulence level is a necessity, is possible only 
at the lower Mach number flows in this tunnel. The choice of the upper Mach 
number limit is described in § 5.3. 


2.2. Flat plates 


The experiments were carried out using two different flat plates. For the measure- 
ments at M, = 1-6, a din. thick, 25in. long, plate with a leading edge of 13 degrees 
was used. For the measurements at higher Mach numbers, a Lin. thick, 33 in. 
long, plate with a leading-edge angle of 24 degrees was provided. Both plates 
were ground and lapped; the leading-edge radii were less than 0-001 in. 


2.3. Traversing mechanisms 
Most of the data were obtained with the hot-wire probe attached to a servo- 
controlled carriage and traversing mechanism (figures 3 and 4). The mechanical 
details are described elsewhere (Laufer & Vrebalovich 1958). 
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2.4. Hot-wire probes 
In all of the experiments described, the hot wires were 90°% platinum-10% 
rhodium and were 0-00005 or 0-0001in. in diameter with nominal lengths of 
0-015 or 0-020 in., respectively. The hot-wire probe (figure 5, plate 1) is mounted 
in the carriage as shown in figure 4. 
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FIGURE 3. Diagram of x-traversing mechanism. 


2.5. Disturbance generator 


The basic problem was to generate the disturbances in the frequency range of 
5000 to 50,000 c/s without affecting the normal boundary-layer growth and the 
flow field. Several different methods were attempted in order to produce single- 
frequency disturbances near the leading edge of the flat plate. 

The disturbance generator finally adopted was essentially a high-speed valve. 
This opened and closed a narrow slit in the surface of the flat plate to allow 
periodic air pulses of any desired strength and frequency to disturb the boundary 
layer on the surface of the plate. The main part of this generator was a hollow 
cylinder (figure 6) 0-3in. in diameter and 3-0in. long (1-5 in. long for the 1 in. 
thick plate), with 40 slots, 0-Olin. wide, milled parallel to its axis (figure 7, 
plate 2). A slot (figure 6) 0-003in. wide and 3in. long was milled near the plate 
centre-line in the surface of the plate along the axis of the cylinder 1-7 in. (0-8in. 
for the lin. thick plate) from the leading edge. The cylinder was connected to 
the variable-speed motor by means of gears, a long shaft in the plate, a high- 
speed grinder spindle, and atiming belt and pulleys. This arrangement can be seen 
in figure 8 (plate 3). The maximum rpm of the motor was 5000; this corresponded 
to the 90,000 rpm of the cylinder. 
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The chamber that surrounded the slotted cylinder was sealed by a cover plate 
and by a Van de Graaff type of seal around the shaft (Strong 1938). Air was 
allowed to enter the chamber through a porous plug in order to obtain uniform 
flow through the slit along its 3 in. length (figure 7, plate 2). The flow rate (i.e. the 
disturbance amplitude) was regulated by a needle valve. The generator frequency 
was monitored by the arrangement seen in figure 7 (plate 2). A light source and 
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Figure 4. Hot-wire carriage and y-traversing mechanism. 
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photocell were placed so that the reflected light from the rotating cylinder struck 
the photocell. Each time one of the cylinder slats passed the light path a reflexion 
occurred which was recorded by the photocell. Thus, the output of the photocell 
gave the proper reference frequency. 


2.6. Hot-wire set, auxiliary equipment 

Hot-wire amplifier. The design requirements of the hot-wire equipment used 
for fluctuation measurements in supersonic flows have been described in detail 
by Kovasznay (1954). The high frequencies that are expected in supersonic flow 
fields necessitate an amplifier with a frequency response of several hundred kilo- 
cycles. Low-noise input circuitry is critical in such an amplifier, especially 
because of the greater frequency bandwidth and low level of the fluctuations 
expected. The commercially available Shapiro-Edwards Model 50 B constant- 
current hot-wire set (Shapiro and Edwards, South Pasadena, California) satisfies 
these requirements and was used throughout the experiment. 

Wave analysers. Several different harmonic wave analysers were used to 
determine the power spectrum of the hot-wire signals. A Panoramic SB7a 
ultrasonic harmonic wave anelyser (Panoramic Radio Products, Inc., Mt 
Vernon, N.Y.), which exhibited the spectrum of the hot-wire signal from 1 to 
300 ke on an internal oscilloscope, was very useful in quickly showing if there were 
extraneous oscillations in the signal. Sharp peaks in the spectrum distribution 
observed on the analyser indicated hot-wire or probe vibrations, possible flat- 
plate vibrations, or oscillations in electronic equipment; and remedial measures 
could be taken immediately. 

Quantitative power-spectrum measurements were obtained with two different 
harmonic wave analysers. These instruments were also used as very narrow band- 
pass filters in order that the growth and decay of the energy in a narrow fre- 
quency band of the disturbance could be observed. The low-frequency range of 
the spectrum was covered by a Hewlett-Packard Model 300A harmonic wave 
analyser (Hewlett-Packard Co., Palo Alto, California) with a frequency range of 
30-16,000 c/s and a variable effective bandwith of 10 to 45 c/s. The high range of 
frequencies was detected by a Sierra Model 104 carrier-frequency voltmeter 
(Sierra Electronic Corp., Menlo Park, California) with a frequency range from 
3 to 150 ke and a bandwith of 600 ¢/s. 

The output circuitry of both analysers was modified to enable the installation 
of a vacuum thermocouple which would give an output thermocouple voltage 
proportional to the mean square of the output signal of the analyser. The method 
for plotting spectra will be described in detail in § 4.1. 

Plotting table. Power spectra and the growth and decay of disturbances in 
the boundary layer were plotted on an Electronics Associates Variplotter 
(Electronic Associates, Inc., Long Branch, N.J.). 


3. Theoretical considerations 

It is outside the scope of this paper to discuss the theory of compressible- 
boundary-layer stability; that subject is adequately covered in the literature 
(Lees & Lin 1946; Dunn & Lin 1955). Instead, attention is focused on the under- 
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lying assumptions of the theory and on its predictions, so that they may be 
examined in the light of the experiments. 


3.1. Basic assumptions of the stability theory 


Under consideration are the general equations of motion of an ideal, viscous, 
heat-conducting, compressible fluid in which perturbations are introduced about 
a steady-state solution in the form 


. ~ hi ~ , a ~ 
O(a, y, z,t) = U(x, y,2z)+Q'(x, y, z, t). 
Thus, any quantity Q is decomposed into two parts: a time-averaged mean value 
and a time-dependent perturbation. 
Assumption 1. It is assumed now that 


Q’ 
a < 1, 
@ 


so that second-order interactions between perturbations can be neglected. As a 
result of this assumption the equations become linear and can be handled by 
conventional methods. The theory considers now the flow over a flat plate and 
makes additional assumptions. 

Assumption 2. The usual boundary-layer approximations are introduced. 
Furthermore, from detailed considerations of orders of magnitude (Dunn & Lin 
1955), it is concluded that certain viscous terms in the momentum equations and 
all the dissipation terms in the energy equation can be neglected provided the 
Mach number is not very high. 

Assumption 3. It is also assumed that the mean flow in the boundary layer 
can be considered parallel when the boundary-layer stability at a given location 
is to be obtained. Here again, a high Mach number is the limiting factor for the 
validity of this assumption (Dunn & Lin 1955). 

With these simplifications the structure of the equations allows the perturba- 
tions to have the form (see p. 296 for an explanation of the notation) 


Q' = a(§) chil gialx—cl) (3.1) 


where the amplitude function q depends on y/é only. The more general three- 
dimensional case is treated by Dunn & Lin (1955). 

The simplified equations now take the following form. 

Continuity equation: 


f 1% Of +1 9 +P( 5; Pha 0 (3.2) 
ct x ox. oy 
Momentum equations: 
P| —— +4 = +o) = “ae +7 sled . (3.3) 
t cy ox oy" 
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Energy equation: 


a0 (5; _ OF" yor ail ou’ , Ov’ PY tl (3.5) 
Pl oe Ge T° Gy) PO ae Toy) Oy? . 
Equation of state: 
tea. (3.6) 
p p T 


Or, if all the fluctuating quantities are written according to equation (3.1), 
where f, ¢, 7, r and @ are the amplitude functions of w’, v’, p’, p’ and T”’, respec- 


tively: . a a¢ 
ta(u -e)r +920 + pliaf + ©) =x 0, (3.7) 
pinta -o)f+ on] = —nia+ (3.8) 
Plia(w—c) ¢] = - +H (3.9) 
pc, iat —c)O+¢ es = (iat +52) + i (3.10) 
r= ot (3.11) 


The boundary conditions satisfied by the perturbations at the wall are 


f(0) = $(0) = 0, 
dO 
dy 


a-— (0)+b6(0) = 0, 
where a and b depend on the frequency of oscillation and the physical properties 
of the gas and the wall. 
On the free-stream side the boundary conditions depend on the nature of the 
disturbance considered. Here the theory introduces the following assumption. 
Assumption 4. Only disturbances that are propagating with subsonic speed 
with respect to the free stream are considered. It is conjectured that supersonic 
disturbances do not play an important role in the boundary-layer stability pro- 
blem. This question has not yet been studied either theoretically or experi- 
mentally. From this assumption it follows that, for y > 00, 


f, ¢, and @>0, 


> 


With the above six boundary conditions and the sixth-order system of linear 
differential equations, a characteristic-value problem is defined. The equation 
relating the eigenvalues may be written formally 


E(M?, «R,,a*,c) = 0. 


The solution of the stability problem is now reduced to solving this rela- 
tion. In their formulation, Lees & Lin used a method of approximation within 
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which the above relation and the boundary conditions become independent of 
the temperature fluctuations. The approximation is based on the following 
assumption. 

Assumption 5. In essence it is required that the critical layer be near the wall. 
This is valid if the free-stream Mach number is subsonic or slightly supersonic. 
A consequence of this assumption is that the relation for the characteristic 
values becomes independent of the temperature fluctuations and the boundary 
conditions imposed on them. Later Dunn & Lin relaxed this assumption and 
showed that for higher Mach numbers the role of the temperature fluctuations 
does become important. 

The solution of the above secular equation involves elaborate and complex 
mathematical arguments, some of which are still not completely settled. How- 
ever, no new physical assumption is introduced. 


3.2. General results of the theory 


On the basis of these five assumptions the theory leads to the following general 
conclusions concerning the stability of a compressible boundary layer on an 
insulated flat plate: 

(1) The basic mechanism of stability is the same as that found in the incom- 
pressible case. 

(2) Three-dimensional disturbances become important at supersonic Mach 
numbers. 

From the relatively few existing numerical calculations (Dunn & Lin 1955; 
Lees 1947) some interesting insight can also be obtained into the effect of Mach 
number on the quantitative behaviour of the stability parameters. It is found 
that with increasing Mach number: 

(a) The propagation speed increases and the wave-number decreases. 

(6) The minimum critical Reynolds number diminishes. 

(c) The maximum amplification ratios also decrease rapidly. 


4. Measuring techniques 
4.1. Disturbance amplitude 


In order to measure disturbance amplitudes along the flat plate in a continuous 
manner, it was of great advantage to maintain the hot wire at a constant sensi- 
tivity. It should be remembered that the hot wire is sensitive to a combination of 
velocity, density and temperature fluctuations and that the relative sensitivities 
to these fluctuations change if the mean flow field changes. It follows that these 
sensitivities remain constant as x varies only if for each 2-station the wire is 
placed at y-positions where the mean flow conditions are the same. Since the 
mean resistance of the hot wire is a sensitive indicator of the mean flow con- 
ditions, the voltage unbalance of the hot-wire bridge was used to place the wire 
automatically at the desired y-position. This was done in the following way. 
A Brown servo amplifier was connected parallel with the null galvanometer in 
the hot-wire resistance bridge (figure 9). If the resistance bridge became un- 
balanced (when, for instance, the wire moved to a slightly different x-position), 
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the servo amplifier energized a Brown servo motor which in turn caused the hot 
wire to move in the y-direction until the resistance bridge again was balanced. 
The y-position of the hot wire was obtained from the contact-point position on 
the y-slide wire (figure 4). This, together with the Y-axis scale-factor control, 
provided the y-position signal for one of the Y-axis plotting arms, as shown in 
figure 9. 

The 2-position of the hot wire was determined by a slide wire on the T-beam 
(figure 3). The system for plotting this position was identical with that for the 
y-position plotting. With this method the spatial position of the wire could be 
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FicuRE 9. Constant y/d servo system and y-position plotting. 


easily followed visually. The wire signal was fed into a wave analyser, the output 
of which provided the signal e? for the second plotting arm of the table. The 
y-positions of the hot wire and the mean-square output of the analyser were thus 
plotted simultaneously against the x-position of the hot wire. 

It should be mentioned that the plots ¢? vs x obtained in this way could be used 
directly to calculate the logarithmic derivatives (or amplifications) of the velocity, 
density, or temperature perturbations. Experimentally, it was found that the 
mass-flow and total-temperature fluctuations were anticorrelated and that at 
a given y/é the logarithmic derivative of e? was independent of hot-wire tem- 
perature (i.e. sensitivity). Under these conditions it may be shown, using the 
hot-wire equation (5.1), that 

l de? 1dQ 
2ezdx “ Q dx’ 


where Q is the root mean square of velocity, density, or temperature pertur- 
bation. 
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During the experiment the output of the hot-wire amplifier was fed across two 
terminals of a balanced bridge and the reference signal was placed across the 
opposite terminals of the bridge (figure 10). A wave analyser monitored the hot- 
wire signal in order +> keep the amplitude b(x) constant as the hot wire moved 
along the plate. The mean-square difference of the hot-wire and reference signals 
was then automatically plotted. 


4.3. Amplitude distribution across the boundary layer 


The hot-wire probe was fixed at a given x-position on the flat plate, and the 
output and current of the wire were plotted against its y-position. A Brown servo 
system kept the heated-wire resistance constant as the probe moved through the 
layer. The y-position of the wire was plotted as the abscissa of the plotting table, 
and the d.c. current in the wire was one of the two ordinates. The output of the 
hot-wire amplifier vacuum thermocouple or the wave-analyser vacuum thermo- 
couple was used as the second ordinate on the table. The time constant and 
sensitivity of the wire changed, of course, as the wire was moved through the 
layer; these were calculated and the data corrected appropriately. Later, the 
correct precalibrated time constant was manually set during the measurements. 


5. Results and discussion 
5.1. Establishment of a laminar boundary layer 


Before the study of the fluctuations in the boundary layer was undertaken, the 
mean flow field in the layer was examined. For this reason three types of mean 
measurements were made: (1) pressure distribution on the plate, (2) rate of 
boundary-layer growth, and (3) velocity distribution across the layer. 

(1) Figure 11 shows the static-pressure distributions along the plate for 
M, = 1:6 and M, = 2-2 and at tunnel pressures most often used during this 
investigation. The dashed line indicates the pressure distribution on the centre- 
line of the empty tunnel. It is seen that in the region of interest the pressure is 
constant along the plate within 2%. 

(2) The rate of growth of the boundary layer was examined using the method 
described in § 4.1. By tracing the position of the hot wire as it follows points of 
constant mean mass flow along the plate, the boundary-layer growth can be 
easily checked. From boundary-layer similarity considerations the trace, of 
course, has to be parabolic. This method provided an easy and sensitive means 
of checking whether or not the measurements were made under the desired 
conditions. For instance, the trace became non-parabolic if the hot-wire probe 
was too close to the plate surface and disturbed the flow locally or if a pressure 
gradient destroyed the similarity because of some exterior condition. All the 
measurements of disturbance amplitude variations along the plate were accom- 
panied by such traces. A typical example is shown in figure 12. It is to be noted 
here that near the last inch the trace deviates from the parabola, indicating 
some irregularity in the flow (nearness of transition). 

(3) Measurement of the mean velocity distribution at one station of the plate 
was also made. This was carried out while artificial disturbances were introduced 
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in the boundary layer in order to check whether or not the mean flow field had 
been disturbed by the slight bleeding of air through the slot of the disturbance 
generator. The accuracy of the mean measurements could have been improved 
by using a longer and thicker wire; however, fluctuation measurements, which 
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FIGURE 11. Static-pressure distributions along the flat plate and in empty tunnel. 
Upper figure: M, = 1-6, Re/in. = 180,000. Lower figure: M4 = 2-2, Re/in. = 75,000. 
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Figure 12. Growth of boundary layer and variation of disturbance amplitude 
along the flat plate. M, = 2-2, Re/in. = 77,000, f = 23 ke. 


were made simultaneously, limited the wire diameter to small sizes. Figure 13 
shows the raw data for the unheated-wire-resistance change in the boundary 
layer from which the total temperature can be easily calculated. The typical 
maximum is clearly seen from the trace. Figure 13 also shows the current dis- 
tribution for one particular temperature loading. From such traces the velocity 
distribution can be calculated using the method described by Laufer & McClellan 
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(1956). Also the data provide the necessary information for computing the hot- 
wire sensitivities. Using these and the mean-square hot-wire output e7 (figure 14) 
the various flow fluctuations may be calculated (see § 5.5). 
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FicurEe 13. Unheated-wire resistance and current variation across the boundary layer. 
M, = 2:2, Re/in. = 77,000, x = 5 in., R,, = 33°58 Q. 
FicurE 14. Mean-square hot-wire voltage across the boundary layer at a fixed frequency. 
M, = 2-2, Re/in. = 77,000, z= 5 in., f = 23-2 ke. 


In figure 15 the solid line is the theoretical velocity distribution calculated by 
Mack (1958) using the Klunker-McLean method. The agreement between the 
experiments and theory is seen to be satisfactory. Near the wall (for M < 1-2) 
the measurements were not reduced, since here the reduction is more complicated 
and not reliable. (The heat loss of the wire here is not only a function of the local 

teynolds number, but also of the Mach number.) For later reference the cal- 
culated Mach number and temperature distribution are also given in figure 16. 


5.2. First indications of instability 
In the stability problem under study here, the existing low-speed experiments 
and the theory gave many helpful hints as to what to look for and what to 
observe. However, it was difficult to decide how and where to make the obser- 
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vations, because of the great differences between the experimental environments, 
because of the magnitudes of the physical variables such as frequency and mean 
velocity in low speed and supersonic flow, and because of the more complicated 
flow field. Therefore, considerable time and effort were required before the 
existence of instability could be detected and the ‘real’ evidence isolated from 
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FiGuRE 15. Mean velocity distribution across the boundary layer. 
M, = 2-2, Re/in. = 77,000, x = 5 in. 
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FiGuRE 16. Mach number and temperature distribution across the boundary layer. 
M, = 2:2, Re/in. = 77,000, 2 = 5 in. 


the ‘fictitious’ evidence. A qualitative description of the observations identifying 
the instability will be given in § 5.2; a more critical and quantitative examination 
of the results will be made later. 

The critical layer. It was noticed in the early phase of the experiments that 
even though the measurements of mean quantities had clearly demonstrated the 
laminar state of the boundary layer, the fluctuations within the layer were con- 
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siderably larger than those in the free stream. A detailed examination of their 
amplitude distribution across the layer indicated a remarkably sharp peak near 
the centre of the layer (M, = 2-2), no matter at which x-station the measurement 
was carried out, including stations a few tenths of an inch (R, ~ 100) from the 
leading edge. Figure 17 shows a typical distribution of the mean-square hot-wire 
output e? across the layer, clearly exhibiting the peak. Incidentally, e? corre- 
sponds approximately to the mean-square mass-flow fluctuations. It is well 
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FiGuRE 17. Distribution of the hot-wire output across the boundary layer. 
M, = 2:2, Re/in. = 80,000, x = 5-0 in. 


known that such a peak is a characteristic feature of the self-excited instability 
oscillations in the incompressible laminar boundary layer (Schubauer & Skram- 
stad 1948) and is the result of strong vorticity concentration at points where 
the local mean velocity is equal to the propagation velocity of the oscillations. 
Whereas in the incompressible case the peak was always located near the wall, 
in the present experiments for M, = 2-2 the peak was found to be near the centre 
of the layer, indicating a higher ratio of wave velocity to free-stream velocity, 
as expected from theoretical calculations (Lees 1947). 

Maximum amplification curves. Observation of the fluctuations on an oscillo- 
scope did not reveal any periodic oscillations as reported by Schubauer & 
Skramstad. However, examination of the energy spectra indicated a charac- 
teristic maximum which shifted to lower frequencies as the distance from the 
leading edge x was increased, and at the same time the peaks were seen to be 
sharper. Figure 18 shows several such spectra. The question that immediately 
arises is whether the peaks are the result of the boundary-layer instability process. 
If indeed they are, it should be expected that the dimensionless frequencies 
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corresponding to the maxima be unique functions of the boundary-layer Reynolds 
number. This was examined by varying the Reynolds number two ways during 
the spectrum measurements: (1) spectrum data were taken at various distances 
from the leading edge while the tunnel pressure was kept constant; (2) the tunnel 
pressure was changed for each spectrum distribution obtained at a constant 
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FicurE 18. Energy spectra of the natural disturbances in the boundary layer at 
several x-positions. M, = 2-0, Re/in. = 300,000. 
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FicurE 19. Maximum amplification curves. ©, M,= 1-5; 7, M,= 1-6; O, M, = 2:0; 
O, M, = 2-2. Open symbols: stationary hot wire; solid symbols: moveable hot wire. 
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x-position. The results of the two sets of tests, indicated by open and solid 
symbols in figure 19, are seen to be consistent for each Mach number tested. It is 
further seen from figure 19 that the curves, usually referred to as the maximum- 
amplification curves, move to lower values of the non-dimensional frequencies 
as the Mach number increases. This tendency is expected from the stability 
calculations of Lees (1947). These measurements thus gave further clues that 
the observations must be related to the boundary-layer instability. 
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FiGuRE 20. Variation of disturbance amplitudes along the 
flat plate at several frequencies. 


Amplitude variations along the plate. The most direct and most positive evidence 
of the small-disturbance type of instability was obtained from the examination 
of the energy content of various narrow frequency bands at various distances 
from the leading edge. This kind of experiment was suggested by the well-known 
‘filtering action’ of the boundary layer whereby it augments the energy in certain 
frequency bands of the disturbances and diminishes the energy in others, de- 
pending on the Reynolds number. Figure 20 shows such measurements carried 
out at Mach number 2-2 in the frequency range of 6 to 42 kc. These curves were 
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obtained by the method described in § 4.1; that is, the wire was moved along 
lines of constant y/d and the signal was fed through a wave analyser. The ordinates 
of the various curves are comparable as indicated; the absolute scale, however, 
is arbitrary. It is seen in figure 20 that the curves exhibit a minimum or a 
maximum or both, demonstrating the amplifying and damping effect of the 
boundary layer. At the x-positions where the curves have negative slopes, the 
boundary layer is stable with respect to the disturbances and unstable where the 
slopes are positive. 


5.3. Disturbances present in the boundary layer 


The experiments that have been described gave strong evidence of the existence 
of self-excited oscillations in the boundary layer. However, before any quan- 
titative conclusions are drawn from them, there are several points that should 
be further discussed. 

Extraneous effects. Most of the experiments utilized the convenient (but not 
always desirable) free-stream disturbances as a means of studying the stability 
problem. The disturbances were found to be spatially homogeneous and to have 
a continuous energy spectrum, the energy decreasing with frequency. At the 
leading edge of the flat plate these disturbances are carried into the boundary 
layer and their energy spectra (corresponding to a constant y/d) undergo certain 
changes along the plate. For the purpose of the present investigation, it is 
essential to know that these changes are due primarily to the stabilizing (or 
destabilizing) action of the boundary layer, and that secondary effects that also 
may influence the energy spectrum are negligibly small. Causes of such extran- 
eous effects might be: (1) disturbances convected into the boundary layer along 
its outer edge by the mean mass influx; (2) interaction between disturbance 
energies corresponding to different frequency bands (this effect would rule out 
the use of disturbances having wide, continuous energy spectra); (3) strong 
interaction between the disturbances and the mean flow field. 

In order to examine the importance of (1) and (2) above, an artificial disturb- 
ance of controlled frequency and amplitude was introduced near the leading edge, 
and its amplitude variation along the plate was studied. The initial amplitudes 
were chosen to be much larger than those of the natural disturbances but not 
large enough to disturb the mean flow field of the boundary layer. A comparison 
of the neutral curves (to be shown and discussed later) that were obtained using 
natural and artificial disturbances shows complete agreement. It may thus be 
concluded that any influence of these effects on the location of the stable and 
unstable regions is negligibly small. 

The optimum amplitude for the artificial disturbances, incidentally, could be 
conveniently determined by observing the traces of the boundary-layer growth 
(see § 4.1). In figure 21 a typical example of the effect of excessive injection rate 
is given. The figure also shows the extreme sensitivity of the boundary-layer 
stability mechanism (and, incidentally, of the instrumentation) to any change in 
the mean flow field. The boundary-layer growth curves (designated by y), 
obtained with and without injection through the slot, do not coincide, indicating 
a change in the mean flow field. It should be remembered that through the servo 
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system the hot wire automatically seeks points of constant mean mass flow. Thus, 
as the boundary layer thickens because of an excessive injection rate, the hot 
wire moves a certain distance away from the wall. At the same time it is to be 
noted in figure 21 that the amplitude curves (designated by é) do not peak at 
the same x-position. However, if the increase in boundary-layer thickness is 
taken into account, the neutral points correspond closely to the same value of 
the Reynolds number. 
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FicureE 21. Variation of a natural and an artificial disturbance with corresponding 
boundary-layer growth curves. M, = 2-2, Re/in. = 75,000, f = 23 ke. 


Any further increase in the amplitude of the artificial disturbance resulted in 
a measurable change in the boundary-layer growth rate, indicating the presence 
of effect (3). If the non-linear interactions of the type listed under (3) are to be 
considered negligible, the amplitudes of the disturbances introduced in the 
boundary layer must be small in all the frequency bands. Of course, it is difficult 
to decide a priori what can be considered a small amplitude. One possibility 
would be by means of a comparison of stability results obtained using different 
initial disturbance amplitudes. Unfortunately, variation of the free-stream 
disturbance level for a given flow Mach number proved to be impractical. In- 
stead, the stability measurements were repeated at various flow Mach numbers 
(1-6, 2:2, and 3-0) in which cases the free-stream mass-flow fluctuations were 
approximately 0-1, 0-2, and 0-4%, respectively. It was established that the 
results at M = 2-2 were consistent with those obtained at M = 1-6; whereas 
at M = 3-0 the detection of self-excited oscillations was much more difficult and 


less reliable. For this reason the experiments were limited to Mach numbers 
below 2-5. 
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Repeatability of the measurements. Once an acceptable upper limit to the free- 
stream disturbance amplitudes was decided on (that corresponding to M = 2-2), 
it was not too difficult to ascertain that all subsequent measurements should be 
carried out within this amplitude limit. Since the position of transition from the 
laminar to the turbulent state is a sensitive indication of the disturbance ampli- 
tudes present in the boundary layer, an early transition immediately indicated 
excessive disturbances. The reason for this not too infrequent occurrence was 
traced to leaking nozzle seals or pressure holes or to damage on the flat-plate 
leading edge. However, once such a situation was remedied, all the measure- 
ments described here were well reproducible even if they were repeated after a 
considerable time interval (one year). The maximum shift in the neutral points 
seldom exceeded AR, = 20. The reliability of the measurements was further 
enhanced by the close agreement with the results obtained using artificial 
disturbances. 


5.4. Neutral stability curves and amplifications 


Examining the stability of the boundary layer with respect to a given disturb- 
ance, one is interested not in the absolute amplitudes of these perturbations but 
rather in their streamwise logarithmic derivatives (amplifications) along the 
plate. The boundary layer may then be considered stable at a given Reynolds 
number if 


and unstable if 


where Q(x, y/d) is any quantity such as @, /, or 7’. The so-called neutral points 
where the logarithmic derivative vanishes correspond to the limits between the 
stable and unstable regions. Such a stability criterion, however, does not define 
a unique neutral curve as described below. 

In figure 20 the hot-wire outputs ¢? are plotted as a function of x. Since the 
logarithmic derivative of €, is equivalent to that of Q (§ 4.1), the stability limits 
may therefore be determined from the curves of figure 20. According to the 
stability criterion given above, the extrema of the curves correspond to the 
neutral points; the 2-location of a minimum indicates the beginning of the 
unstable region (lower-branch neutral point), and that of a maximum the end 
(upper-branch neutral point). In figure 22 the non-dimensional frequency is 
plotted against the positions of the corresponding neutral points expressed in 
terms of R,. The figure includes not only the neutral points from figure 20, but 
also those obtained at other tunnel Reynolds numbers and those obtained using 
artificial disturbances. 

Figure 22 clearly shows that the stability limits so obtained depend on the 
value of y/é at which the observations were made. The difference in the neutral 
curves is definitely within the accuracy limits of the measurements. Subsequent 
observations at higher tunnel pressures (to check for possible probe interference) 
and using artificial disturbances gave the same result. 
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In figures 20d and 20e one may directly compare two amplitude distributions 
(f = 20ke) made at y/d = 0-8 and y/é = 0-45. The x-positions of the maxima 
and minima are noticeably different; furthermore, the minimum obtained at 
y/d = 0-8 is much better defined that at y/d = 0-45. As a matter of fact, for 
lower frequencies the minimum could be detected only with difficulty or not at 
all at y/é = 0-45 (not shown). 
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FIGURE 22. Neutral stability curve at M, = 2:2. 
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The differences become even more apparent if the logarithmic derivatives 
for the two cases are compared. Figure 23 shows these derivatives in a non- 
dimensional form computed at various values of the Reynolds number. It is 
seen that the amplifications always appear smaller in the outer edge of the layer 
and that the difference becomes less apparent with increasing Reynolds number. 

In order to further examine this problem, the stability criterion will now be 
expressed somewhat differently. We define a mean amplitude [' averaged across 
the boundary layer (the use of a mean energy would lead to similar results), 


I'(z) = [ ca(§); 
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and we propose to call the boundary layer stable where 
1dV 
dx 


bdr 
and unstable where sa@) 


dz 


<¢€ 


This stability criterion is equivalent to the previous one if 


1dl lde 0 6, 
a or 


eg eee = 
Idx édzx 


cal 
for all values of y/d, that is, if the distribution é,/T is a function of y/d only and 
thus follows the boundary-layer similarity. This condition will now be experi- 
mentally investigated. For the calculations of I’, amplitude distributions across 
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Ficure 23. Amplification curves. 


the layer were measured at various x-positions. A sample of such distributions 
corresponding to 30 ke frequency is shown in figure 24. (Incidentally, the typical 
maximum near the critical layer is already noticeable at x = 0-5in.; the curious 
secondary peaks will be discussed in § 5.5.) 

In figure 25 the normalized amplitudes 


é(a, y/d) 
I(x) 
are plotted against y/é for various values of R,. (For clarity, not all the distribu- 
tions are shown.) 
Clearly, the above condition is not satisfied. Near the critical layer (0/02) (é,/T) is 
positive, and near the free-stream end it is mainly negative. This explains why the 





282 


John Laufer and Thomas Vrebalovich 


amplifications obtained at y/é = 0-45 are larger than those at y/d = 0-8 (figure 23), 

or why the unstable region corresponding to y/é = 0-45 in figure 22 is wider. 
Deciding which stability limits to adopt is really an academic question. In 

a comparison of disturbance amplitudes corresponding to the same mean flow 


M, = 22, Re/in. = 85,000, f = 30 kc 
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Figure 24. Amplitude distribution across the boundary layer of a 
fixed-frequency disturbance at several x-positions. 
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conditions (constant y/d), the physical fact is that disturbances are amplified 
more near the critical layer than near the inner and outer edges of the boundary 
layer, especially for low Reynolds numbers. Should one want to talk about a 
unique neutral curve, the second stability criterion is preferable. Using this 
criterion, some calculated neutral points are shown as stars in figure 22. 
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5.5. Amplitude distributions across the boundary layer 


In the previous section some distributions in terms of the hot-wire output 
e; have been shown (figure 24). The behaviour of the velocity, temperature, and 
pressure fluctuations across the layer will now be examined. 

An artificial disturbance having a frequency of 23ke (fv/U? = 0-85 x 10-4) 
was chosen for the experiment and was examined at a position x = 5in. 
(R, = 400). This approximately corresponded to a point on the upper branch of 
the neutral stability curve. In order to express the hot-wire output voltages in 
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FicureE 26. Fluctuation mode diagram in the free stream near the edge of the 
boundary layer. M, = 2-2, Re/in. = 77,000. 


terms of the flow quantities, the method suggested by Kovasznay (1953) was 
applied. As is well known, only two of the perturbations, mass-flow 


[m'/m = p'/p+u'/u] 
and total temperature [7",/T'p = «(T"/T)+f(w'/u)] 


fluctuations can be obtained (see equation (5.1)) in the range M > 1-2. Typical 
raw data of the hot-wire output are shown in figure 17. The measurements 
resulted in mode diagrams similar to that shown in figure 26, indicating that 
inside the layer, just as outside, 7/m and 7',/T, appear to be perfectly anti- 
correlated (the points in the diagram define a straightline). From such diagrams 
the mass-flow and total-temperature fluctuations may be directly computed; 
the result is plotted in figure 27. The very pronounced peak near the critical 
layer (y ~ 0-28in.) is well illustrated. 

Unfortunately, a result of this nature is not very instructive unless the three 
basic fluctuation quantities can be separated. In order to do this it is necessary 
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to make an assumption concerning the fluctuation field. Outside the boundary 
layer, in the potential field of the oscillation, this does not present a problem. 
Here isentropic relations between the temperature and density fluctuations 
exist and they can therefore be calculated separately (see §5.6). Inside the 
boundary layer, however, the situation is different: the dominating action of 
viscosity near the wall and at the critical layer prevents the making of such an 
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FIGURE 27. Mass-flow and total-temperature fluctuations in the boundary layer. 
M, = 2:2, Re/in. = 77,000, x = 5 in. 


assumption. Another simplification is used instead, based on the following quali- 
tative argument. A wave motion superimposed on the boundary layer produces 
a pressure gradient 0p/cy that diminishes with decreasing wave amplitude and 
‘u is small and the wavelength is large (approxi- 


, 


increasing wavelength. Since v 
mately 106) in the present experiments, it will be assumed that ¢j/¢y is small 
and thus / is constant across the layer. The magnitude of j was calculated from 
the mass-flow fluctuation measurement near the edge of the boundary layer 
(y/d = 1-08), using isentropic relations between the perturbations. Since the 
phase relation between the pressure and the velocity (or temperature) fluctuations 
is not known (except the fact that they are in phase or 180 degrees out of phase), 
two distributions of these quantities are obtained from the hot-wire equations. 
One set of roots, for instance, results near the critical layer in a positive pressure- 
temperature correlation if one chooses negative pressure-velocity correlation, 


and vice versa. 

Without additional information it is not possible to choose which of the two 
sets of roots is the correct one. It was necessary to refer to the solution of the 
perturbation equations (3.1-3.11) to decide on this. For this purpose the 
inviscid equations of motion were integrated in the outer half of the boundary 
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layer using the theoretical eigenvalues,* and the results were compared with the 
corresponding distributions calculated from the measurements. The amplitude 
of the computed mass-flow fluctuations was matched to the measured value at 
y = 6, and the theoretical results were plotted as thin solid lines in figure 28. It is 
seen that the theoretical pressure fluctuations indeed are fairly constant within 
about 15%, at least in the outer half of the boundary layer.+ Thus, the assump- 
tion of constant j used in the reduction of the measured data is justified. The 
symbols in figure 28 correspond to the roots of the hot-wire equations nearest the 
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FIGURE 28. Velocity, temperature, and pressure fluctuations in the boundary layer. 
M, = 2-2, Re/in. = 77,000, Rg = 400, c/U, = 0-62. 


Experiment: O, u/U,; A, T/T,; O, B/D. 


Theory (R, = 440, c/U, = 0-616): 
theoretical curves. Since the second set of roots defines a completely different 
velocity and temperature distribution, it was not difficult to pick out the correct 
roots. The only exception was the point nearest the wall (y/é = 0-31); in this 
case both roots are shown. Incidentally, this point corresponds to a position 
where M = 0-8, and the more general hot-wire equations suggested by Morkovin 
(1956) were used in reducing the data. It should also be mentioned that since 
the hot-wire sensitivities at transonic flows are not well established, the measure- 
ments here are less reliable. 

The root-mean-square values of the various fluctuations in figures 27 and 28 
were plotted in a fashion that shows the phase relations between them. It was 
mentioned earlier that these fluctuations were always either in phase or 180 

* The authors are grateful to Dr L. Mack for providing these calculations. 


+ Some recent calculations of Dr E. Reshotko show that this is true across the whole 
layer. 
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degrees out of phase with each other. In the figures the phase relations with 
respect to the pressure fluctuations are indicated: in-phase fluctuations are 
plotted in the positive sense, out-of-phase ones in the negative sense. For in- 
stance, outside of the boundary layer where the isentropic relations hold between 
pressure, density, and temperature fluctuation (they are all in phase), the 
temperature fluctuations are plotted in the positive sense. It is interesting to 
notice that inside the layer not only the velocity oscillations (as found in the 
incompressible case), but also the temperature oscillations undergo a 180-degree 
phase shift. 

At this point a comment is in order on the secondary peaks clearly shown in the 
distributions figure 24. These peaks were almost always present (also with 
artificial disturbances) when measurements were made at high mean-wire 
temperatures; at low temperatures, only a small peak or no peak was observed. 
Thus, the secondary peaks are believed to be the result of a curious combination 
of the hot-wire response and the particular distribution of the velocity, tem- 
perature, and density fluctuations. 

One of the most striking features of the fluctuation distributions shown in 
figure 28 is the large amplitude of the temperature (and density) distribution 
near the critical layer. Since the mean temperature gradient in the boundary 
layer increases rapidly with Mach number, such a result is not surprising. As 
a matter of fact, with increasing free-stream Mach number the temperature and 
density fluctuations will become more and more important. From the continuity 
and energy equations (3.7) and (3.10), one obtains, neglecting conductivity, 


c\[0 r iy dT v' 
(1-5) eet Dil eee, 
u) \7 P| aT dyu 
In the region of our interest, near but just outside the critical layer where the 
non-viscous approximation is still valid, the temperature and density fluctua- 


tions are 180 degrees out of phase. Therefore, in terms of root-mean-square 
values, the above equation becomes 





6 ; 

— y—l1 2 

ptY- N51 ya? 
li ayn Ty 
i a te 


The right side of the equation increases rapidly with Mach number; thus, for 
a given disturbance, (@/w) (1/aéd) constant, the temperature and density fluctua- 
tions become large indeed. 


5.6. The propagation velocity 


From theoretical considerations it is expected that once a disturbance is intro- 
duced locally into the boundary layer it will develop into a wave motion having 
a definite wave velocity and amplitude variation. The latter has already been 
discussed; it remains to be shown experimentally that the motion is wave-like. 
This was done by two different methods: (1) by measurement of the wavelength 
and (2) by a more indirect technique. 
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(1) The determination of the wavelength of an artificial disturbance of known 
frequency was described in § 4.2, and a typical result is shown in figure 29. The 
plot, which incidentally is raw data, indicates unquestionably the wave character 
of the disturbance and provides the wavelength directly. From the measured 
wavelength corresponding to the neutral point and from the known frequency, 
the velocity of a neutral wave can be obtained. 
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FIGURE 29. Wavelength measurements of an artificial disturbance. 
M, = 2-2, Re/in. = 77,000, f = 19-6 ke. 


(2) The alternative method is based on the idea that if the artificial disturbance 
indeed develops into a wave motion, the boundary layer may be considered a 
moving wavy wall. From the measurements of the pressure and velocity fluctua- 
tions in the potential field just outside the layer, the velocity of the wavy wall 
can be calculated. Clearly, from such an indirect method it is not expected to 
obtain accurate values of c (especially since c is only approximately constant 
along x). Nevertheless, the method is described here in order to show that with 
the present hot-wire technique measurements of fluctuations in supersonic 
flows may be made with confidence. 

The general hot-wire equation 


i u’ pw , 
de = a+ Po -8(5 + (5.1) 


may be put in a simpler form, since outside the boundary layer an isentropic 
relation between the fluctuations may be assumed: 
p’ u' : p’ u’ 
Ae = a(y— 1) FB + M? | = sf + | ’ 
Pi ad 1 Pi U, 


= = 
where a= (1 + Lek M ) 


and B = (y-1) a M?. 
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Figure 26 shows that Ae is a linear function of S, indicating that the total- 
temperature (first term) and mass-flow (second bracketed term) fluctuations are 
perfectly anticorrelated, consistent with the assumption of isentropy. From 
mode diagrams such as figure 26, the velocity and density fluctuations (also 
p and 7’) may be obtained. From the potential solution of a moving wavy wall 
(Liepmann & Roshko 1957) and from the measured @ and /, the velocity of the 
wall may be calculated: 

Se gt P/P1 
UO,  yMa/0, 
For the conditions represented in figure 26 the wave velocity was found to be 
c/U, = 0-60, which compares well with the value of 0-62 obtained from phase 
measurement. 
5.7. Comparison with theory 


The results that have been described confirm qualitatively the predictions of 
the stability theory: the existence of unstable oscillations in a supersonic 
boundary layer; the wave-like character of the oscillations; and the existence 
of an inner layer within the boundary layer where the amplitude of the oscilla- 
tions is much larger than outside it. In this section a more quantitative com- 
parison will be made in the light of the various assumptions of the theory. 

Amplitude of the perturbations. In order to be able to compare the experi- 
mental results with the linear theory, it is necessary, of course, to ascertain that 
the disturbances studied in the experiments are small (assumption 1 of §3.1). 
In the incompressible case it was shown recently by Schubauer (1958) that pro- 
vided the velocity disturbances do not exceed an amplitude of 1—2 % of the free- 
stream velocity, the use of a linear theory for predicting their behaviour is 
justified. On the basis of the results described subsequently (§5.8), the same 
criterion may be used for the compressible case. 

In the present experiments using artificial disturbances, it is estimated, based 
on the results of figure 28, that the fluctuation levels did not exceed the 0-5 °% 
value. (The amplitudes of the natural disturbances were, of course, even smaller.) 
On this basis, therefore, a comparison of the experimental results with a linear 
theory is justified. 

Two- and three-dimensional disturbances. The question arises whether a two- or 
three-dimensional theory should be used in the comparison. In the incom- 
pressible boundary layer this problem was not essential since, as pointed out 
recently by Lin (1958), the neutral curves for the two cases are almost identical. 

In the present experiments the natural disturbances were certainly three- 
dimensional, while the artificial ones—although not purely two-dimensional— 
could be considered as containing predominantly two-dimensional disturbances. 
Nevertheless, the measurements made by both types of perturbations produced 
the same results concerning the stability limits and amplifications. On the basis 
of this evidence it may be assumed, therefore, that at least up to M = 2-2 the 
stability of the boundary layer with respect to a two- and a three-dimensional 
disturbance does not change measurably. This is in agreement with the con- 
clusion reached by Dunn & Lin (1955). Because of the approximations involved, 
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their result cannot be extended beyond a Mach number of approximately 1-8; 
but within this range they show that the three-dimensional disturbances are 
less important than the two-dimensional ones and become dominant only for the 
case of a cooled boundary layer. 

On the basis of the above discussion the results of the two-dimensional theory 
will be used for the comparison with the experimental findings. 

Neutral curves. Before making a quantitative comparison between the 
theoretical and experimental results, a fundamental difficulty has to be 
pointed out. 

Let us first examine the problem considered by the theory: it is a non- 
stationary one in which the boundary layer of constant thickness (fixed R,) is 
perturbed at time t = ft). The amplitude of the disturbances, Q’, is then examined 
to determine how it changes for ¢ > f). If the damping coefficient 


1dQ’ | 
Ga” Bi 


is positive, the boundary layer is said to be unstable at R, with respect to the 
disturbance considered. 

On the other hand, the experimenter faces a quasi-stationary problem: a 
disturbance introduced at the leading edge propagates along the layer, its 
amplitude changing in space and time. Thus, at a fixed R, one cannot measure 
a damping coefficient in the sense of the theory since the disturbance, the ampli- 
tude of which is observed at t = t), propagates into a region of increasing R, at 
t > ty. What one can do is to measure at one fixed point in the layer the temporal 
mean value of Q’ and observe how this value changes with 2; thus, one can 
calculate an amplification defined as (1/Q) (dQ/dx). The basic difficulty now is to 
interpret this quantity in terms of the damping coefficient £; of the theory. The 
general mathematical problem is a difficult one and no attempt is made here 
to discuss it; only one particular aspect will be considered. 

It would be desirable to set up a simple criterion indicating the conditions 

under which comparison between the quantities £; and (1/Q) (dQ/dx) could be 
made directly. In the past the two quantities were compared directly as follows: 
the disturbance being propagated by its eigenvelocity, c = dx/dt, served as the 
required transformation between the space and time co-ordinates; consequently 
it was postulated that 1d6 1dQ'd 8, 
Qdx Q'dtdx ec” 
This procedure, however, is not strictly correct. It should be remembered that 
the amplitude function q as shown in equation (3.1) implicitly depends on the 
eigenvalues of the problem, thus in particular on the Reynolds number. There- 
fore, as the variation of Q with x is measured, keeping y/d constant, R, changes 
(the boundary layer thickens) and, as mentioned above, q¢ changes also. There- 
fore, the above equation must contain a term that takes into account this change. 
Thus, one may formally write 


dQ lea) Bs 
Qdx q\ex) 5 ¢° 
19 Fluid Mech, 9 
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In principle, both quantities on the right-hand side could be calculated from 
the theory and then their sum compared with the measured amplification 
(1/Q) (dQ/dzx). This, however, has not been done, mainly because of the extremely 
time-consuming calculations involved. Instead, one may set up the criterion that 
the experimental amplifications can be compared directly with the theoretical 
damping coefficients only if the condition 


1 z) 1dQ 
. pet < ESS 8 
( y/é m x 


is satisfied. 
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FicureE 30. Theoretical and experimental neutral stability curves at M, = 2-2. 
Experiment: O, upper branch; @, lower branch. Theory: ——. 


This inequality can easily be checked from the plots shown in figure 25. The 
above condition implies that the amplification distributions with frequency be 
the same for all values of y/é for a given Reynolds number. It is seen that on the 
outer edge of the boundary layer and for R, larger than approximately 300, this 
is approximately satisfied. 

With the above limitation in mind we may proceed now to discuss the experi- 
mental results in the light of the theory. Accordingly, only the amplification 
measurements far from the critical layer are considered (y/d ~ 0-8). In figures 
30 and 31 the theoretical curves were calculated by Mack (1960), using the 
method proposed by Dunn & Lin (1955). 

Considering first the velocity neutral curves of figures 30 and 31, one may 
easily verify that in all cases the propagation velocities of the self-excited oscilla- 
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tions are always subsonic with respect to the free stream. As discussed in § 3.1, 
this was an important assumption (assumption 4) of the theory that hereby finds 
complete verification. It is also seen that the absolute values of the velocities 
are in very good agreement with the theoretical predictions, with the possible 
exception of the lower branch points at M = 1-6. (The measurements of the 
larger wavelengths, corresponding to the lower branches, were found to be 
more difficult. ) 
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FiaurE 31. Theoretical and experimental neutral stability curves at M, = 1-6. 
Experiment: O, upper branch; @, lower branch. Theory: ——. 


Regarding the frequency neutral curves in these figures, the upper branches 
of the experimental and theoretical neutral curves agree satisfactorily. On the 
other hand, there is considerable discrepancy, especially at M = 2-2, between 
the lower branches. Since the lower branches depend mainly on the viscous 
solutions of the stability problem, the source of the difficulty is believed to lie 
in these solutions.* 


5.8. Effect of compressibility on boundary-layer stability 


With the present formulation of the mathematical stability problem, it is not 
possible to answer easily the question of whether compressibility increases or 
decreases the stability of an adiabatic laminar boundary layer. As a matter of 
fact, one may arrive at a wrong conclusion by considering only certain phases 


* In a recent work, Dr E. Reshotko critically examines the stability problem at super- 
sonic Mach numbers and discusses this problem further. 
19-2 
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of the problem. For instance, the supersonic inviscid boundary layer can be 
shown to be unstable, while the incompressible one is stable; also, from the 
expression of the minimum critical Reynolds number derived by Lees (1947), it 
is found that it decreases with increasing Mach number. From both of these 
results an erroneous conclusion could be drawn. Only the elaborate numerical 
calculations of Lees concerning the maximum amplification ratios of a disturb- 
ance give an indication of greater stability as the free-stream Mach number 
increases (Lees 1952). Under these circumstances it is most desirable if on the 
basis of the experimental findings some correlation could be found between the 
incompressible and compressible stability data from which the question posed 
above could be more readily answered. This problem will now be examined. 
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FriGuRE 32. Experimental neutral stability curves. 
—, M = 0 (Schubauer-Skramstad); O, M = 1:6; A, M = 2:2. 


The results of the theoretical eigenvalue calculations are usually presented in 
terms of the boundary-layer momentum thickness as the characteristic length. 
This is done mainly because, for a given x, the momentum thickness @ is practically 
constant over a wide range of Mach numbers. Considering now the frequency 
neutral curves as a function of R, for various Mach numbers (figures 30 and 31), 
it was noticed that the curves were similar but displaced in R,. Next to be 
examined was the question of whether by stretching the characteristic length 
the neutral curves could be correlated. The fact that the well-known Howarth 
co-ordinate transforms (with some additional minor assumptions) the com- 
pressible velocity distribution into the incompressible one suggests the use of 
the velocity instead of the momentum thickness as the characteristic length. 
In figure 32 the frequency neutral curves obtained at M = 0 by Schubauer & 
Skramstad (1948) are compared with those measured at M = 1-6 and 2-2 on 
the basis of the velocity thickness Reynolds number. The agreement is sur- 
prisingly good. 
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Indeed a correlation exists, not only for the neutral oscillation, but for the 
amplified oscillations also. Considering sufficiently high Reynolds numbers for 
reasons already discussed in § 5.7, we may write 

1de? 1dQ_ 8; 
ae2dx Qdx cc’ 
or, in non-dimensional form, 
ddec £8 
De? dx u, 8, , 

The calculation of the amplification coefficient involves a differentiation of the 
amplitude measurements, resulting in some scatter. Nevertheless, within the 
accuracy of the results a satisfactory agreement between the incompressible 
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FicurE 33. Amplification coefficients. 
O, test 1; A, test 2; M = 2-2; y/ = 0-7, 0-8; R; = 6400. 


amplification coefficients and those at M = 2-2 for approximately the same R,; 
(figure 33) is obtained. For the propagation velocity the value c = 0-58 was used, 
although it actually changed from 0-55 to 0-61 in the frequency range considered. 
On the basis of the comparisons made, it is seen that in the Mach and Reynolds 
number ranges under consideration the stability limits of a disturbance of given 
frequency depend only on the local thickness d and are independent of the Mach 
number. Furthermore, it is apparent that the non-dimensional amplification 
coefficient that is the temporal amplification rate £,6/U, corresponding to a 
given R, and frequency also is unaffected by the Mach number. On the other 
hand, the spatial amplification rate 
ddQ £6 
Gdz  ¢ 


decreases with increasing Mach number. 
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These conclusions are a consequence of the empirical results previously 
described. Unfortunately, the authors have been unsuccessful so far in finding 
a satisfactory explanation for this surprisingly simple correlation within the 
framework of the present theory. Only some rather general inferences may be 
drawn as follows. In the Mach number range considered, the boundary-layer 
stability is affected mainly by the change in the mean flow field (by the existence 
of mean density and temperature gradients), while the density and temperature 
fluctuations do not play an important role. (Roughly speaking, this implies the 
result of Lees & Lin (1946), who showed that the relation between the eigenvalues 
is independent of the temperature fluctuations.) Furthermore, as a result of 
this change in the mean flow field the disturbance of a given frequency acquires 
a larger wavelength; that is, the disturbance propagates faster downstream. 
As a consequence, the oscillations that have the same amplification coefficients 
have less time available to grow in amplitude over a given length of surface. 
Thus, a compressible boundary layer is more stable than the incompressible one. 


5.9. Effect of Mach number on transition 


Despite the great practical importance of the transition problem, as yet no 
reliable information, either experimental or theoretical, is available for the 
case of an adiabatic surface with zero pressure gradient. Specifically, it is not 
possible to make a definitive statement on the variation of transition Reynolds 
number with Mach number. Under the circumstances, therefore, it is worth- 
while to examine the possibility of estimating, even in a crude fashion, the 
effect of compressibility on transition Reynolds number, using the present 
results. 

As mentioned already in § 1, the Tollmien-Schlichting instability mechanism 
is only the initial stage of the transition process; therefore, at least in principle, 
it is not justifiable to use the linear theory for predicting the point of transition. 
However, in the incompressible case some favourable circumstances are known 
to exist which, at least for engineering purposes, permit the use of the linear 
theory. Some recent work of Schubauer (1958) and Klebanoff & Tidstrom (1959) 
indicates that the distance interval between the point of transition, 2,, and the 
point where the linear approximation becomes invalid, x,, is small compared 
with z,, and that the breakdown into turbulent spots occurs at approximately 
the same oscillation amplitude (a/U, x 7%). The fair success of the method 
proposed by Smith (1956) in predicting transition Reynolds numbers, using a 
linear theory, is believed to hinge on these experimental findings. 

Unfortunately, in the compressible case very little is known at present about 
the non-linear region of transition. From the lower amplification rates obtained 
in the present work, it is expected that the estimation of the transition point 
will be less successful. Nevertheless, because of the lack of anything better, an 
attempt is made to obtain an approximate variation of transition Reynolds 
number with Mach number. The assumptions involved in the calculation are 
as follows: (1) the amplification ratio at breakdown is the same as in the incom- 
pressible case (log [Q/Q,] = 6-5, which yields the transition Reynolds number 
R, = 3x 10° observed by Schubauer & Skramstad); (2) the initial amplitude 
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Q, of the critical disturbances is independent of frequency and Mach number; 
(3) the ratio c/c,,,, is independent of R;. 
From the form of the disturbance (3.1) we may write 


tx) xz f. 
log = B,dt -{ Ps ax 
0 Zo 


(x9) 
2 (2 U, 8,6 é oa 
=> [ ish dR, since -=——, 
a" Rb Cc U, zw VR, 


where a is constant. 

In the incompressible case, Pretsch calculated and charted the value of this 
integral for all unstable frequencies. By means of his calculations,* it is easily 
verified that the minimum Reynolds number at which the disturbance reaches an 
amplification ratio log (Q/Q,) = 6-5 turns out to be R; = 10,400 or R, = 3 x 10°. 
For the compressible case on the basis of assumption 3, one may rewrite the 
above equation 7 

log @ = 6-5 = E “nel Ee | as vibe dR | 
Qo a ¢ Dine Ra, Cine U, ' 

Using the present experimental result that £;6/U, is a function of R; only, 
independently of M, Pretsch’s charts can be used for the evaluation of the second 
factor on the right-hand side of the above equation. The new ‘fictitious’ amplifica- 
tion ratio is ae 
ill 
Fine “ine 
The table below shows the transition Reynolds number ratios for various Mach 
numbers and the approximate values of c/c,,,, used in the calculation: 


M 0 0-4 0-8 1-3 1-6 2-0 
C)Cine 1-0 1-06 1-13 1-20 1-33 1-76 
[R./Rz inchs 1-0 11 1-2 1-4 1:6 2-3 


The rapid increase in transition Reynolds number is quite apparent. 


6. Conclusion 


A detailed exploration has been made of small-amplitude disturbances in a 
laminar supersonic layer up to M = 2-2, and the stability of the layer with respect 
to these perturbations was examined. The results may be summarized as follows. 

(1) The experiments succeeded in detecting self-excited oscillations in the 
layer. Generally speaking, the basic features of these oscillations are the same 
as found inthe incompressible layer and are in agreement with the existing theory. 
Specifically, the boundary layer acts as a frequency selective-amplifier with 
respect to the disturbances: depending on the local Reynolds number, it atten- 
uates certain frequencies and amplifies others, thus causing detectable oscillations 
in a narrow bandwidth. 

(2) Amplitude distributions of velocity, temperature, and density fluctuations 
have been calculated from the measurements. It was found that at M = 2-2 


* The authors are grateful to A. M. O. Smith, who extended and re-plotted Pretsch’s 
calculations in a more convenient form and made his charts accessible. 
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the temperature and density fluctuations are several times that of the velocity, 
and this ratio is shown to increase further with increasing Mach number. 

(3) Comparing the results with the stability theory of Lees, Lin, and Dunn, 
one may conclude that the theory predicts correctly the basic features of the 
compressible-boundary-layer stability. Quantitatively, the viscous solutions 
predict Reynolds numbers corresponding to the lower stability limits which are 
considerably below the measured values. On the other hand, the theoretical 
upper stability branch agrees very well with that obtained by the experiments. 

(4) Within the accuracy of the measurements, results of the incompressible 
and compressible stability problem may be correlated; it is shown that up to 
M = 2:2 the stability limits (two positions on the plate between which a dis- 
turbance is amplified) of a perturbation of a given frequency depend only on the 
Reynolds number based on the local boundary-layer thickness 6, and are in- 
dependent of the Mach number. Furthermore, the non-dimensional amplifica- 
tion coefficient 6f,;/U, depends only on the local eigenvalues (frequency, R;) 
and not on the Mach number. 

(5) The effect of compressibility manifests itself mainly in changing the wave 
velocity of the disturbances: they propagate faster with increasing Mach number. 
This has the important consequence that a disturbance propagating to a given 
x-position will not be amplified as much in a higher Mach number flow because 
its time available to grow is less, even though its amplification coefficient 
(68,/U,) (Rs) is the same. Thus, the adiabatic compressible boundary layer is 
shown to be more stable with respect to small disturbances than the incompres- 
sible one. 

(6) On the basis of the above results, a rough estimate of the transition 
Reynolds number is made; the calculations indicate a considerable increase in 
its value as the Mach number increases. 
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the entire period of this investigation. The extremely valuable discussions with 
Prof. Lester Lees, Drs Leslie M. Mack, Alan Kistler, Eli Reshotko, and R. Betchov 
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This paper presents the results of one phase of research carried out at the Jet 
Propulsion Laboratory, California Institute of Technology, under joint sponsor- 
ship of the Department of the Army, Ordnance Corps (under Contract No. 
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Notation 

c wave velocity 

C, specific heat at constant volume 
e hot-wire voltage 


hot-wire voltage filtered by wave analyser 
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a dimensionless hot-wire voltage fluctuation 

frequency 

heated-wire current 

thermal conductivity 

mass flow 

Mach number 

static pressure 

Reynolds number 

unheated-wire resistance 

heated-wire resistance 

teynolds number based on boundary-layer momentum thickness 

Reynolds number based on boundary-layer thickness at u/U, = 0-999 

perturbation of any one of the flow quantities 

hot-wire sensitivity factor 

time 

static temperature 

velocity in the x-direction 

mean velocity in free stream 

velocity fluctuation perpendicular to plate 

co-ordinate along the free-stream direction; x = 0 corresponds to plate 
leading edge 

co-ordinate perpendicular to free-stream direction and the flat plate; 
y = 0 corresponds to plate surface 

abscissa and ordinate on the plotting table 

wave-number 

2nf, angular frequency 

damping coefficient 

ratio of specific heats 


1 sy 
é d= 
I, i 


boundary-layer thickness 
boundary-layer momentum thickness 
27/a, wavelength 

viscosity 

kinematic viscosity 

density 


Superscripts and subscripts 


temporal mean 

mean-square value of a fluctuating quantity 
root-mean-square value of a fluctuating quantity 
instantaneous value of a fluctuating quantity 
free-stream condition 

stagnation condition 
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On unsteady laminar boundary layers 
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A transformation is introduced which, for a class of outer pressure distributions, 
reduces the unsteady incompressible laminar boundary-layer equations in two 
dimensions to an equation in which the time does not appear explicitly. A form- 
ally exact solution of the resulting equation is then presented in the form of a 
series and it is shown that the solution can be expressed in terms of universal 


functions. 


1. Introduction 

Early attempts to discuss unsteady laminar boundary-layer flows were mainly 
restricted to early phases of a motion starting from rest and to oscillatory 
motions without a mean flow. Very little attention was paid to the subject 
because it was felt that boundary-layer growth took place in such a short time 
that the flow may be considered steady. It is clear that such considerations do 
not apply if one considers the problem of a vehicle moving with variable speed 
over its entire trajectory, and a detailed investigation of unsteady flows is 
required if reliable information concerning skin friction and heat transfer 
is desired. 

Recently Lighthill (1954) considered the influence of free-stream fluctuations 
on skin friction and heat transfer, and Yang (1958) studied the stagnation point 
flow. Moore (1951) analysed the problem of the laminar compressible boundary 
layer over an insulated flat plate moving with a time dependent velocity and, 
later, Ostrach (1955) extended Moore’s results to the case of an isothermal flat 
plate. 

This paper presents a solution of the problem of unsteady incompressible 
laminar boundary-layer flow for a certain class of outer pressure distributions. 
The method employed makes use of a transformation, a special case of which was 
given by the author in a recent note (Hassan 1960), which reduces the governing 
equation to an equation in which the time does not appear explicitly. In spite 
of the fact that such a scheme restricts to a great extent the free-stream velocity 
distributions that can be considered, yet the distribution considered includes, 
as special cases, a number of flows which are of interest. 

It is assumed that the solution has a power series representation and it is 
shown that it can be recast in terms of universal functions. As an example of 
skin-friction calculations, the special case of the assumed flow where the free- 
stream velocity is a function of time is considered. 
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2. Basic equations and transformations 


The differential equation for unsteady incompressible laminar boundary layer 
in two dimensions can be written as 


/ ae a ae TV ne, ¢ 

Yt Vy Yau Vey = y+ J V+ VP yyy: (2.1) 
where y is the stream function, V is the free-stream velocity and » is the kine- 
matic viscosity. The boundary conditions are 


Y(x,y,t) = Y,(z,y,t) = p,(z,y,t)=0 at y=0, 


} 
y 


y(x,y,t)> V(x,t) as yo. (2.2) 
Letting 8 = (x/l) (2vt/l2)80-»,  o = y/,/(2u), 
’ = (v/l) (2vt/I?)-44+% h(s), yy = v(2vt/I?)-} y(s, 0), (2.3) 
where / is a characteristic length, A is any real or complex number, 
i 2) 
and h(s) = s*Sa,8", dy+0, «o an integer; (2.4) 
0 


and substituting into (2.1) and (2.2) one finds that 


Xooo + (1 mr A) 8[Xs0 —h’ }+ (1 +A) Xe h] 
+ ONgg + XeXoe ~ XeXer + hh = 0, (2.5) 
and X=NX=xX%,=9 at c=0; y,7>h(s) as o->O0O0. (2.6) 


It is seen from (2.3) and (2.4) that the assumed expression for the free-stream 
velocity represents a very special class of V(z,t). The assumed expression for 
V makes it necessary for y% to assume the form given in (2.3) because V = fy 
at infinity. 

Equation (2.6) shows that the boundary conditions depend on h(s). However, 
a substitution which renders the boundary conditions independent of the free- 
stream velocity and paves the way for expressing the solution in terms of uni- 
versal functions can be written as (Hassan 1960) 


f=8, 9=of(s), x= (h/f) P(E), (2.7) 
where f(é) =8¢ for «<0; f(é)=1 for a>Q0. (2.8) 


Introducing (2.7) into (2.5) and (2.6), one obtains 


OO ae cae tes )(Eh'/hA)][%, - 1] 
+(1/f*)[1+(1-A (EFA) 2P yy + ( 1 —A) (é/f?) ) Pe, 
+ (UP) ALLY PP an + (ALF?) (Pe Poy — Py Gen] 
+ (h'/f?) (1— $5) = 9, (2.9) 
and ?=$9,=%,=9 at 7=0; $,>1 as y>oo~. (2.10) 


3. Solution of equation (2.9) 


The solution of (2.9) in the region of convergence of (2.4) will be assumed to 
be expressible as 


o* balm) & (3.1) 
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Substituting (2.8) into (2.9) and letting 


1+A4(1—A)(Eh'/h) = So baE*, by = 1+04+A(1—2), (3.2) 
n=0 
one obtains the following system of total differential equations for the functions ¢,,. 
l < 0: m ” , 
— $6 + hag(1 +2) GoG5 + aox(1— 952) = 0, (3.3) 
and 
Pn + $a,(1 +a) PoPn —a,(n + 2a) PoPn + ao[n + (1 er «)] $09n = Ri-1 (n 2 1), 
(3.4) 
where 
Ry-a = Qn-1 = Anl (2 + &) ( —{n+4(1+2)} }o9o] 
n-1 
+4 & [(kh+a) Pr bn—n—{h+ 31+ 2)} Oe Grxl 
n—1 n-1 
— Po 2 a,{k+3(1+a)] pret Po 2 A(k + &) Pn—x 
+ = = a,[(m +k +a) bmPn-— —m—k {m +k+ 3(1 +&)} bm Pn—m—kl> 
for n<-—a@; (3.5a) 
and 


n+a—l1 
Ri-1 a Qn-it5, +a—-1 2 be Pn4a—k—-1 — $009Pn+a—1 
—(1—A)(n+a-1)¢/),,., for n>-a. (3.56) 


It is to be understood that, in (3.5a), Q,,_, is identical to the right-hand side 
of the equation for all n, while R,,_, is equal to the right-hand side for restricted 


n as indicated. 


(2)%=1: gw 4 94% 1) +995 +ag{1 + bo) — $62) = 0, (3.6) 
and 
Pn + (9 +9) O, + [2 + 2 (1 —A) —ao(n + 2) Go] Op, + A9(m + 1) b0¢n = Raa 
(n2>1), (3.7) 


n—1 
where R,_, = 4,(n+1) [$07 —do¢o —1]+4a, 2 (k+1) [Pi Pr—e—PrPn—x 


n—1 n—1 
= bo > a,(k +1) $7 _.+9% »») a,(k+1)On-~ 


n—ln-k 
+ 2 x (m +k+ 1) a,[9in Pn—m—k — Pin Pn—m-k] 
n—-1 
b,(9o o- 1) - = by. Prk (3.8) 
(3) a>1: 
Go +990 +[1+%+A(1 —«)] [$9 — 1] = 0, (3.9) 


and on +b +[1+A+(n+a)(1—A)]¢, =f, (n> 1), (3.10) 
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n—1 
where Ry-1 = Qn-1 = —b,(Po- | oe >> bi Pn—K (n S a—2), (3.11a@) 
k=1 


and 
n+1—an+1l—a-—k 


Ry = Qn-1 + 2 2, a,(k +a+n) [Din , ao +1 Pin b—enwoeal 
nial a 

The boundary conditions are ON Rice REE aS 

$o(9) = $o(0) = 9, o(0c)=1; $,(0) = $,(0) = $,(0)=90 (n> 1). (3.12) 

The equations governing the zeroth order term, i.e. (3.3), (3.6) and (3.9), 
will be discussed next. Equation (3.3) can be easily reduced to the well-known 
equation of Falkner and Skan, and its solution was given by Hartree (1937). 
Equation (3.6), which is identical to the equation for unsteady stagnation-point 
flow, has been solved by Yang (1958). Finally, equation (3.9) is a linear equation 
which has a known solution: 


Go = 1-9 Fexp (— 37°) Mi, m(47"), (3.13) 
where W,,, is the confluent hypergeometric function (Whittaker & Watson 
1927) with k=4b,-}, m=}. (3.14) 
Applying the boundary conditions reduces (3. ee to 

$o = 1—exp (— 37°) AL4(1 — bo), 4, 497), (3.15) 
where 17,(a, b,x) = 1+ = stl’ Eh (orn e (3.16) 


,b(b+1)...(b+n—1) n!" 

The functions ¢,, (n > 1) are iene, by linear equations and can be expressed 
as linear combinations of universal functions for a given a, A and ay. This can 
be accomplished by letting 


9, =O fi t+aa+hin, 


$e = OF fir + 5a fe t+ 2911 + GeJo + Pihy; + Pohe +614, P11+%Ai%,1 ie, 
cin cee NNR ansehen Ris Ce AD I Shri MONA Min 17 


where 6,, = 1 for all n and f,, = b,_, for all m > 1. The governing equations for 
the universal functions f, g, ... are initial by substituting the above equations 
into (3.4), (3.7) and (3.10) and equating coefficients of like constants. The 
boundary conditions satisfied by the universal functions are identical to those 
imposed on @,, (n > 1), namely, (3.2). 


4. Skin-friction calculations 


The wall shearing stress is given by 


7. = (u/2t) (2vt/0?)-¥ Mf $;,(0) &”, (4.1) 
and, the local skin-friction coefficient is 
C, = 7,/40V? = (2f/h) (2vt/l?)# ~ ;,(0) &*. (4.2) 


As an example of skin-friction calculations, the simple case where h(£) = a, 
will be discussed. In this case, 

V = a,(v/l) (2vt/12)-44+), (4.3) 

f=UNE bo =1+A, by =0 (n> DV); (4.4) 
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and the governing equations are 
$o +44 90%, = 9, (4.5) 
P1 + 449091 — 49091 + $4990 Or = Sol 1 — Go — 3090], 


ecards scciel witconet otasacaiteanbapeteart-caedctictiatadamtieniy tas. (4.6) 

Letting bo =a*F, ¢,=—bapth,, ..., 4 = 2ap%, (4.7) 
we find that (4.5), (4.6) and (3.12) reduce to 

FP" + FF" = 0, (4.8) 

ht + Fh" —2F'h. +3F"h, = —4(2—F’) + 2CF", (4.9) 

F(0) = F’(0) = 0, F’(#)=2, h,(0) =h\(0) =hy(oo) = 0, .... (4.10) 


Equation (4.8) is the well-known Blasius equation, and (4.9) has been solved by 
Moore (1951). Therefore, one may write 
CO, = [kag &-4] (2vt/12) [F'"(0) — (bo /ao) h{(0) F + ...] 
= [}a $4] (2vt/12)# [1-328 — 3-394{(1+A)/ag}E+...]. (4.11) 
For accelerating flows 1+A < 0 and (4.11) shows that positive acceleration 


causes an increase in skin friction above the ‘quasi-steady’ value. 
Considering the case of complex A and letting 


l+A=a+i, (4.12) 

one obtains 
V = ao(v/l) (2vt/l?)- 44 exp [ — iw log (2vt/I2)] (4.13) 
and C, = has 4 (L/a)} (2vt/12)t4¢ exp [fiw log (2vt/l?)] [1-328 — ...]. (4.14) 


Equations (4.13) and (4.14) show that the maximum of skin friction is not in 
phase with the maximum of the free-stream velocity. 


5. Concluding remarks 

The transformation that has been introduced makes it possible to give the 
solution of a wide class of unsteady flow problems without resorting to approxi- 
mate methods. The method of solution gives a unified presentation to a number 
of special cases discussed in the literature and reduces the actual solution for 
a given problem to a solution of a few linear differential equations. 

It should be noted, however, that although the method is well suited to 
problems in which V(z,t) ~ x"t™, it fails if V(x, t) ~ f(x) F(t), where f and F are 
arbitrary functions. : 
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Note on the swimming of slender fish 


By M. J. LIGHTHILL 


Royal Aircraft Establishment, Farnborough, Hampshire 
(Received 9 May 1960) 


The paper seeks to determine what transverse oscillatory movements a slender 
fish can make which will give it a high Froude propulsive efficiency, 


(forward velocity) x (thrust available to overcome frictional drag) 
(work done to produce both thrust and vortex wake) 


The recommended procedure is for the fish to pass a wave down its body at a 
speed of around ? of the desired swimming speed, the amplitude increasing from 
zero over the front portion to a maximum at the tail, whose span should exceed 
a certain critical value, and the waveform including both a positive and a 
negative phase so that angular recoil is minimized. The Appendix gives a review 
of slender-body theory for deformable bodies. 


1. Introduction 

It has frequently been noted that swimming speeds attained both by fish and 
by mammals (such as porpoises) are remarkably high in relation to their available 
muscle power. This has been held to indicate, first, that frictional drag is so low 
that a large fraction of the boundary layer must be laminar, and, secondly, 
that the movements generating the thrust to balance frictional drag must 
produce only a small fractional drag increase as a result of the vorticity they 
create. Such achievements should be regarded as a challenge to other species 
wishing to propel themselves economically through fluids. 

The analysis of both these postulated achievements must be helped if the flow 
outside the boundary layer—that is, the inviscid-fluid flow around the swimming 
animal—can be determined. This provides the environment in which the boun- 
dary layer develops, and determines how and how much vorticity is shed. 

Now this external flow is easy to evaluate approximately for what we shall 
call a ‘slender fish’—namely, either a fish or a swimming mammal, whose dimen- 
sions and movements at right angles to its direction of locomotion are small 
compared with its length, while its cross-section varies along it only gradually. 
The ‘slender-body’ theory (which goes back to Munk’s work (1924) on flow about 
airships; for a general review see Lighthill (1960)) can be applied to these. 

In this note the theory is worked out for a slender fish which makes swimming 
movements only in a single direction at right angles to its direction of locomotion. 
Types of movement producing thrust with a small vortex-drag penalty are 
determined, and some remarks made on the boundary-layer development 
which they might induce. 

20 Fluid Mech. 9 
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2. Inviscid-flow theory of the forces produced by swimming movements 


It is convenient to consider swimming movements which enable the fish to 
stay still in water flowing with velocity U in the z-direction. We investigate the 
inviscid flow around the fish, remembering that, for the calculation to be relevant, 
it must yield a mean thrust on the fish sufficient to balance the mean frictional 
drag. 

We describe the fish in the stream as ‘stretched straight’ when it is held 
stationary in a standard position such that no resultant normal force acts 
on any cross-section. When the fish is stretched straight the cross-section 
of its surface S at a distance x downstream from the nose will be denoted 
by S,. 

We suppose now that in swimming the cross-section S, receives a displacement 
h(x,t) from the stretched straight position, in the z-direction, so that the dis- 
placement is at right angles to the direction of locomotion and varies both with 
position and time. Then on slender-body theory the flow can be regarded as 
compounded of 


(i) the steady flow around the stretched straight body; 
(ii) the flow due to the displacements A(z, t). 


To envisage the flow component (ii), we observe that a cross-section S,, moves, 
relative to the fluid flowing past it with velocity U, at a velocity 
ch oh 


and that, locally, the body shape differs little from that of an infinite cylinder 
C,, whose cross-section is S, all the way along. Accordingly, to the slender-body 
approximation, the flow component (ii) near S, is identical with the two-dimen- 
sional potential flow that would result from the motion of the cylinder C, through 
fluid at rest with velocity V(z,t). 

We suppose now that this flow has momentum 


pV (x,t) A(x) (2) 


per unit length of cylinder, where p is the density. In the usual terminology, 
pA(z) is the ‘virtual mass’ of the cylinder C, per unit length for motions in the 
z-direction. Thus, the coefficient A(x) has the dimensions of area; for example, 
it is equal to the area of the cross-section S,, when the latter is circular, while for 
an ellipse with minor axis in the z-direction A(z) is the area of its circumscribing 
circle. 

To obtain the instantaneous lift per unit length of fish, L(x, t), that is, the force 
in the z-direction on the cross-section S,, we observe that this must be equal and 
opposite to the rate of change of momentum of the fluid passing S,; that is, 


L(z,t) = ~p(= +U x) {V (x,t) A(a)}. (3) 











(3) 
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We next write down the rate, W, at which the fish does work by making 
displacements h(x, t) in the direction in which these lift forces act; this is 


r* Oh 


r a . 
Pek ae P\ a (i+ Uz) {V (x,t) A(x)} dex 


= re T d \ (ch oe \ 4 - 7 

- P| (ar! sn} jap VDA) de—p |} —_ VA(a) de 

, : ; 
7m VA(x)dx—tp VA (zx) del +005 


o ct J0 


VA (| ' (4) 





The mean over a long time of the time-derivative in this last expression is zero. 
As regards the final term, we have A(0) = 0, but because the fish has a tail 
A(l) is non-zero—at least on the approximation of assuming a straight trailing 
edge, which makes A(/) equal to the area of the circle with the trailing edge as 
diameter. Hence, (4) gives for the mean rate of working by the fish 


—= (ch (ch ; Ch | 


w= pla la ae (5) 


Baa: 

This value can be interpreted physically as the mean of the product of the 
lateral velocity dh/ot of the tail trailing edge with the rate of shedding (pV A) U 
of lateral momentum (2) behind the trailing edge, on the argument that rate of 
working equals velocity times rate of change of momentum. 

On the other hand, the rate of shedding of kinetic energy of lateral fluid 
motions is (4p V2A) U, with (again) the trailing edge values of V and A. If, now, 
we subtract the mean value of this from the mean rate of working W, we should 
obtain the rate of working available for producing the mean thrust, say, P; 
this rate is PU. If the result of this subtraction were negative, one would infer 
that there was a mean drag, more energy being shed in the wake than is put into 
the fluid by the swimming movements. In this case an external force would be 
needed to supply the extra work to push the fish through the fluid against this 
drag and the frictional drag together. Positive thrust, on the other hand, would 
produce motion at the speed at which it is exactly balanced by frictional drag. 


To sum up, _ i 
, W —tpV2AU = PU, (6) 


whence by (5) the mean thrust is 


Ch\? _.. (oh\? - 
(ae) ~ 242) J 7) 

The above arguments for determining P are attractively simple, but may not 
be overwhelmingly convincing. To put it beyond a doubt that the inviscid-flow 
slender-body pressure distributions do yield (7) as mean resultant thrust, the 
author has calculated them in the Appendix (which was in any case desirable) 
and demonstrated the point—and may as well admit that he thought of the above 


arguments only after getting the answer by the method of the Appendix. 
20-2 
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3. Conditions for efficient thrust 


The dynamic problem of obtaining efficient thrust, with the values of forces 
which were obtained in § 2, is as follows. We want a high value of the inviscid- 
flow efficiency of the swimming movements, which by (5) and (6) is 

PU 1 | ch | oh 7) ee 7 | 
Ip = ae =1-5)(— + U U = 
W 2\ ot a7 1 ae 
The suffix F here is intended to suggest ‘Froude efficiency’, which similarly 
relates thrust to the total kinetic energy added to the fluid—including energy 
devoted to forming a vortex wake. 

At the same time the displacements A(x,t) which the fish can make are re- 
stricted by two considerations. First, the rate of change of lateral momentum 
which they produce must be equal to the resultant of the lift forces; this means 
that ‘ 

re Cnh ch ,,ch\) 
S(x)—, dx = — L( +U~ °) Lay (x) (- )} d: 9 
rt. (7) Fp P ot Ox a Cx) | ” (9) 
where S(x) is the area of the cross-section S, and the density of the fish has been 
taken equal to the density p of the water. Secondly, the rate of change of angular 
momentum about the y-axis which they produce must be equal to the moment of 
the lift forces about that axis: 


(8) 


oh a Kk 0 \ | oh oh\ | 
x8 le=-p| o(5+U~) Aw U >a) d. 10 
p| a (0) 5 ad p| (a+ 2) | (”) “i - aii 
Any movements attempted by the fish which failed to eatiafy (9) and (10) would 
automatically produce reactions, or ‘recoils’, in the form of rigid-body move- 


F(t)+aG(t), (11) 


which when added to h(x, t) would cause it to satisfy (9) and (10). 

Now, from (8), we see that an efficiency 7, only a little less than 1 will be 
obtained if at the trailing edge typical values of V = dh/ot+ Udh/ox are small 
compared with those of ch/ot, but positively correlated with them. The last 
point is essential; negative correlation would produce negative thrust. The first 
point, on the other hand, must not be overdone: although for given tail velocity 
oh/ot the efficiency is increased by making ¢ch/ot + Uch/0x smaller, we see from 
(7) that the actual thrust is reduced, so that a compromise is required. 

The condition that ch/et + Uch/éx must have values generally smaller than, 
but positively correlated with, ch/¢t is a somewhat restrictive one. For example, 
a standing-wave form H(x)coswt for h, although it could always be made to 
satisfy (9) and (10) by incorporation of a linear ‘recoil function’ in H(x), would 
give a Froude efficiency 


ments 


1 w?H?(1) + U2H'2(1) 


12 
2 wl)” aia 


Yep =1- 


which cannot exceed }$. This is doubtless why fish do not normally attempt to 
swim by causing their bodies to execute the rather simple movements of a 
standing wave. 
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A more satisfactory form of h(x,t), if only it could be made to satisfy (9) 
and (10), would be 


c 


h(x, t) = fie)9(t-") (13) 


where g(t) is an oscillatory function such as coswt. Equation (13) represents a 
travelling wave, which moves down the fish’s body with velocity c, and whose 
amplitude f(z) may vary with position along the fish. Substitution in (8) gives 


(Enon eroe(- df 





YWrp= 1-5 ] : | 
“La (t~{) |(1= 5) 409'(t-2) + U7 Wa(—-5)} 
(1 a «) Og? Uf 9 


(-Z)ros? 


Cc 


a he 





bo! = 


(14) 


The rate of working is positive only ifc > U. To make 7, close to 1 it is desirable 
to have f’(/) practically zero; indeed, a non-zero value of f’(/) reduces the thrust 
without altering the rate of working. On the other hand, it is wasteful to keep 
f(x) constant all along the length of the fish, since the thrust depends only on 
values at x = 1; and it will be found desirable, also for other reasons, to let f(x) 
increase gradually from zero at x = 0 toa maximum, with f’(/) = 0, at the trailing 
edge. 

Under these circumstances, 7, would be 4(1+ U/c), and for example, 7, = 0-9 
forc = 1-25U. Such a value of c is sufficiently in excess of U to give a substantial 
positive mean thrust 


a U2 
P = pA) (1- a) Pa (15) 


To investigate whether the thrust (15) would be adequate with c = 1-25U, 
note that in a real flow it would have to balance the frictional drag 


D = $pU°C)S8, (16) 


where Cp is a drag coefficient based on the total surface area S. In (15), f?(l) g’? 
is the mean square lateral velocity of the trailing edge, which should not exceed 
0-05U* if the assumptions which have been made in the theory are to hold— 
and, indeed, these restrictions to small disturbances are almost certainly bene- 
ficial in reducing drag. With this limitation, and with c = 1-25U, the balance of 


thrust and drag can be achieved only if 
CrS a 


Here A(l) = }7s?, where s is the span of the tail trailing edge, and equation (17) 
indicates the advantage for efficiency of having a tail of adequate span. 
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Such a conclusion would be too optimistic, however, as it does not take account 
of recoil. A precise solution of the problem of what efficiency can be obtained 
with adequate thrust, and within the limitations set by our assumptions, from 
a displacement function into which a recoil function (11) has been incorporated 
to make it satisfy (9) and (10), would necessitate an extensive computing pro- 
gramme. However, the following general remarks would probably be supported 
by such computations. 

Any angular recoil (represented by the second term in (11)) tends to reduce 
thrust without affecting rate of working, for it produces extra terms in (h/0x),_, 
which, being dependent on displacement rather than velocity, do not correlate 
well with (ch/ot),_,, and therefore contribute (through their mean square) to 
the numerator of (8) but not to the denominator—just as did the terms in f’(/) 
in (14). 

By contrast, a small transverse recoil of the mass-centre without angular 
motion, if well correlated with the trailing-edge movement, would not alter the 
efficiency that can be obtained for given mean square trailing-edge velocity and 
mean thrust, although it wouldsomewhat increase the value of the wave-velocityc 
required to obtain that efficiency. (This is because the reduction of ¢ch/ét 
requires a corresponding reduction of ch/ox.) 
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FiGcuRE 1. Suggested cycle of swimming movements. Successive shapes of fish centre-line 
are shown, with time increasing downwards. Motion is from right to left. 














Accordingly, such travelling wave-forms as produce minimal angular recoil 

are desirable. A good solution appears to be as follows: 
(i) confine motions to the rear part of the fish where fish mass is low; 

(ii) keep V low for given ch/ct by having c near to U, thus reducing water 
momentum in spite of the high virtual mass of the rear cross-sections; 

(iii) most important of all, let the wave-form have a positive and a negative 
phase in the region of substantial amplitude (figure 1), so that the angular recoils 
produced by each tend to cancel out. (This, incidentally, will tend also to reduce 
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the transverse recoil of the mass centre and so keep down the value of c, and 
hence of V, thus assisting (ii).) 

These arguments seem to confirm that the type of swimming action favoured 
by most fish has good efficiency. 


4. Boundary-layer considerations 


The inviscid flow around the swimming fish, which is calculated in detail in 
the Appendix and whose effects on its dynamics have been studied in §§ 2 and 3, 
provides (as remarked in §1) the environment in which the boundary layer 
develops. We now consider briefly the possible effects of the boundary layer on 
the flow and on the dynamics, asking first whether separation occurs and if so 
to what effect, and secondly whether there is transition to turbulence. 

Separation is most likely to occur in the cross-flows. Consider a thin slab of 
fluid with plane faces perpendicular to the 2-direction, moving past the fish at 
velocity U with only slight distortions from the plane shape. This slab of fluid 
is aware of the presence of a body of approximately cylindrical shape C, in its 
midst, but the cross-section S, of that body changes slowly with time and ex- 
hibits a movement through the fluid in the z-direction with velocity V(z,t). 
If the flow produce by this movement has momentum M and energy £ per unit 
width of slab, then in the absence of boundary-layer separation M and EF have 
the potential-flow values pVA and }pVA, and the resultant forces are as 
calculated in § 2. 

When, however, vorticity is released from the surface by boundary-layer 
separation in this transverse flow, M and E are altered by amounts equal to 
the momentum and energy of the vortex system in the presence of the boundary. 
But the physical arguments of § 2 indicate that we will still have 


- ach 

W-ulm<\ ,; (18) 
\ et} 

that is, the mean rate of working of the fish will be equal to the mean product of 

the lateral velocity of the trailing edge with the rate of shedding of momentum 

from it; while the wasted part of this rate of working will be 


W-—PU = U{E}.,_, (19) 


that is, the rate of energy shedding from the trailing edge. The Froude efficiency 
is therefore 
{BY 
 fa=l 


es (20 
{M ch/et} ; 


Ne = 1 . 
z=l 

Now, it follows from (20) that, for the efficient types of swimming motion 
discussed at the end of § 3, the effect of 7, on vortex contributions to E and M is 
limited to a slight increase in the factor } in equation (8). Note first that, even 
when the wave-form has a positive and a negative phase as in figure 1, the 
slab of fluid moving past it, at a velocity U only a little less than the wave velo- 
city, experiences cross-section movements essentially in a single direction, with 
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V increasing to a maximum at the tail. Whatever vorticity is generated, the fluid 
energy per unit width of slab must increase during this process at a rate 
ab _ dM 


me 


di = ee 


The effect of vortex shedding as V increases means that M will increase more 
rapidly than in direct proportion to V, due to the vortex drag, and this with 
(21) makes E/MV somewhat greater than } (for example, if M oc V3, then H/MV 
rises to }), although M remains in phase with V and E with V?. These considera- 
tions make a change in the factor 4 in equation (8), but do not qualitatively alter 
the conclusions about efficiency; for example, 85°% is not much worse than 
90 % in this context. 

Physically, this is still because transverse velocities V of fish relative to fluid 
are being kept small compared with absolute transverse velocities. 

As to the boundary layer in the flow along the fish, the additional pressures 
due to the transverse motions (called p,+p, in the Appendix) are too small, 
when V is kept small relative to ch/0t, to affect substantially its development. 
The only problem, therefore, is the long-standing one of why the boundary layer 
should have any special tendency to laminar flow. Here one can only draw 
attention to the remarkable results achieved by Coleman-Kramer Inc. of Los 
Angeles with their ‘Lamiflo’ coating (Judge 1960), which consists of a thin rubber 
skin attached to the surface of a body by short rubber pillars between which a 
free-flowing viscous fluid is present. This has been found to halve turbulent 
boundary-layer drag of the body in water, presumably owing to reduction of 
turbulence level by damping of surface pressure fluctuations. It is possible that 
layers of blubber can have a similar effect. 


The author expresses his gratitude to Sir James Gray for extremely interesting 
discussions of the problem. 
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Appendix. The inviscid flow around a slender fish 

To obtain the pressure distribution in this problem it is almost essential to make 
a transformation of co-ordinates, so that the body becomes a fixed surface— 
for, otherwise, there are severe difficulties due to applying boundary conditions 
at a surface whose position is displaced in a direction in which gradients are 
specially steep. 

Accordingly we introduce new co-ordinates X, Y, Z and 7’, where 


A=2, Yey, Z2=2-A(z,i), T=? (A 1) 


0 0 oho 0 0 nn) 0 od ohoa 


ex OX ouoL’ dy OY’ dz OL at of datoZ 


(A2) 
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Then Laplace’s equation for the potential ¢ becomes 
‘0 oh 6\ (0d 39) eo & 
Aw ©6~«OCMAUAP Ax x? 7-7 => 0. A3 
(sx ax 2) ( ax oz) toy2* aa 
If now € is a slenderness parameter (so that the fish’s lateral dimensions do not 
exceed el, nor its lateral velocities eU), then the first term in (A 3) is of order e? 
relative to the second and third, so that near the body we can use the two- 
dimensional Laplace equation 
ed ed 


oY? * 322 

If now the equation of the surface S of the stretched straight fish is F(x, y,z) = 0 

then in these co-ordinates (A 1) the surface of the swimming fish has the equation 

F(X, Y,Z) = 0, and the boundary condition on it is obtained by setting equal 

to zero the rate of change DF/Dt of F(X, Y,Z) following a particle of fluid. 
By (A 2), this gives 

ChoF (0p ohed\ (OF ochoF\ cdoF + OG OF a 7 

OT OZ (5x  e az} (ax ~ Ox - eiciae ae as) 

We now put @ = UX+¢)(X, Y,Z)+4,(X, Y,Z,T), (A6) 

where UX + ¢, is the potential of the flow when h = 0 (that is, the steady flow 

when the fish is held stationary in the stream). For a slender fish 0F'/0X is small 

compared with ¢F/¢Y and 0F/0Z, and derivatives of ¢, and ¢, with respect to 

X, Y and Z are small compared with U. Also ch/éX is small, and ch/é7’ small 

compared with U. Hence, with products of small quantities neglected in (A 5), 

we obtain 


= 0. (A 4) 


OhoF _.(0F choF Oy , 0G,\ OF , (Abo , 0G,\ OF _ 
~arag * U sx ax aay (FF +59) ayt (az +) ao? 
The special case h = 0, ¢, = 0 gives us 
CPoOF Of 0F  ,,0F 
ay aY + of oa ax ae 
as the boundary condition for ¢,. Subtracting this from (A 7), we obtain 
0¢,0F 0d, Oh _ Ch\ OF _ 
oY oY (33- oT U 5x) ag = ° am 


as the boundary condition for ¢,. 

We shall not discuss the method of calculating the steady-flow potential ¢p, 
which is fairly well known, and leads to a pressure distribution with no resultant 
force or moment for a symmetrical shape like a fish. Passing therefore to ¢,, 
we note that equation (A 4), with the boundary condition (A9) and the con- 
dition that ¢, > 0 at infinity, implies that, for each X, ¢, is the potential of the 
two-dimensional flow in the Y, Z plane, resulting from the movement of an 
infinite cylinder C,, whose cross-section is Sy, that is, the fish cross-section for 
the given value of X, and which moves in the Z-direction with velocity 

. oh _,,oh 
V(X,T) = sat U sy. (A 10) 
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If, therefore, ®(X, Y,Z) is the potential due to the said cylinder Cy moving 

with unit velocity in the Z-direction through fluid at rest—note that it varies 

with X only because the choice of cylinder cross-section does—then the solution 

to the equations for ¢, is 

6 (X, Y,Z,7) = V(X, T) O(X, Y, Z). (A 11) 

We now calculate the associated pressure variations. Here we must remember 

that derivatives of ¢, and ¢, with respect to X are of order Ue? (more strictly, 

Ue? loge-!),* but that derivatives with respect to Y and Z are of order Ue. 
From Bernoulli’s equation 

ep ched ob | ch fy bes e) (s) — 
—Px = —Pl aa —amay) —4Pl ae sag) —4$pla —tpl = 4U?, 
err p(- ¢ ) Lo: X oXcZ bp| oY p 52) oe 
(A 12) 


we must pick out the terms of order e¢?, neglecting those of order e*. This gives 


09, . oh as ee <i 09, 


P—P.z = ws oT +P am OZ ne += ¥ 
ee Co +) 4 Odo _ 0,\? Oo , 1)? 
+e ax (at az play +33 ) - 4p aZ + OZ, 
= {7,60 _1 Cpo\"*_ 1 Odo\?) , (Od, _ Op, 
oy ee slay) (az {7° \" aor O5x 
+(V a al, hy s..2 0d, -3(8)] 
eZ) 0Z oYoY| "\ of 2\eY} 2\0Z/} 
= Pot Pit Pre (A 13) 


say, where p, is the pressure distribution in steady flow past the stretched straight 
fish, p, is the pressure distribution due to steady motion of the cylinder Cy 
through fluid at rest with velocity V, and p, is the remainder of the pressure 
distribution. Thus, p, depends solely (and quadratically) on the shape of the 
stretched straight fish, p, solely (and quadratically) on its displacements, and 
p, linearly on both. 

Now we are interested mainly in the distribution of the lift (that is, resultant 
force in the z-direction) per unit length, L(X, 7’), and in the resultant thrust P. 
We obtain L to order e*, neglecting terms of order eé°. 

There is no contribution to lift from py or p.; for py has zero resultant in the 
z-direction over a cross-section by the definition of the stretched straight 
position, and p, has because the resistance to the motion of Cy in steady poten- 
tial flow is zero. Therefore, only p, produces any local normal force, and by (A 13) 


oe f (ee, Py | CO, bo , POPs) 
Ip ed lap tUayt (o- v) oe arate (A 14) 


Now in (A 14) we can use the facts that 6, = V®, and that 


$ @dY = A(X), (A 15) 


/ Sy 


* For this reason the terms neglected in (A7) were of order e? (more strictly e? log e~") 
relative to those retained. 
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where pA(X) is the virtual mass per unit length of the cylinder C,., whose cross- 
section is S,, when moving in the z-direction; thus, A(X) has the dimensions of 
area. From (A 15) it follows that 


(sp? Tag) VAC x} 
i ,O® (0Z . . 
=$. (ent Vax) Oars U$. V7 (Fe), ge AID 


where the last term results from the variation of the cross-section S, with X, 
which causes the value of Z for given Y to vary along the surface. 

On the right-hand side of (A 16), the first term can be identified with the first 
part of the integral in (A 14). Also, the second term can be identified with the 


second part, for it is a— f 60d, 0F/eX dy, A17 
5 a a OF [0Z i 
which by (A 8) is 


oP (200 i ,_ f[ 0d, (0p , 4 
§ ca (satay erin) ?, aa (az @¥ ay 


=|[_ fez (Ge'oa) tar (adar)) 2822. 
(A 18) 


where E , is the area external to S,. Using Laplace’s equation in two dimensions 
for do wen then for ¢,, we can w rite (A 18) as 
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where the boundary condition (A 9) has been used to throw (A 17) into the form 
shown in the second part of (A 14). 

This equation now shows, as stated in § 2, and there interpreted physically, 
that the lift per unit length is 


L(X,T) = -el<; arte <) VA(X)}, (A 20) 


where V is given by (A 10). 

The mean value of the thrust P is now obtained to order e*, neglecting terms 
of order ¢*. Writing P as an integral over the surface of the swimming fish, and 
then using the co-ordinates (A 1) to express it as an integral over S, we obtain 
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where P, is to be interpreted as the resultant in the forward direction of the lift 
forces L(X, 7’), and we have simply 


e 


P, -|| p.d¥dZ, (A 22) 
S 


since the pressures p, have zero resultant, and for a symmetrical fish [| ea YdZ 


© 


is zero (while even for an unsymmetrical fish the mean of this oscillatory force 
would be zero). 

In (A 22), the dY dZ is an elementary area of the surface S of the stretched 
straight fish, projected in the negative X-direction (or thrust direction). Such 
an area lying between cross-sections S, and Sy,;, can be written — (dn) ds, 
where ds is an element of length around Sx, and én is the normal distance be- 
tween the curves S, and Sy,;, when projected on to the same plane (figure 2). 
Accordingly, that part of P, which arises from between the cross-sections Sy 
and Sy,5 can be written . 


—~ p (dn) pods. (A 23) 


Now, pz is the pressure distribution in potential flow due to the motion of the 
cylinder C, through fluid with constant velocity V in the z-direction. In this 
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FiaureE 2. Neighbouring shapes of fish cross-section, viewed at right angles to the direction 
of locomotion in the upper diagram and along it (on a larger scale) in the lower. 
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motion the kinetic energy of the fluid per unit length of cylinder is 49V?A(X) 
and the momentum pV A(X). If now, during this motion, the cylinder Cy 
performed gradually a small change of cross-section from S, to Sy,5;x, the fluid 
momentum would change by 

pVdA = pV{A(X +d6X)—A(X)} = pV von 


pV 5 6X, (A 24) 


and the cylinder, moving at constant speed V, must do work pV2dA to produce 
this change of momentum. 

But the motion of the cylinder is not simply rectilinear; in addition, each 
element ds of the surface moves outwards a distance én (figure 2) against a pres- 
sure p,. This means that the cylinder must also do a quantity of work given by 
the integral in (A 23), per unit length. But the total work done must equal the 
change in the kinetic energy 4pV2A of the fluid, giving* 


pV?6A + p (dn) pods = 4pV70A. (A 25) 


This evaluates (A 23), the part of P, which arises from between the cross- 
sections Sy and S,,5;,, and enables us to write 


=| }pV2d A(X). (A 26) 


We now throw the mean value of the part P, of the thrust, which arises from 
forward-directed lift, into a similar form. By (A 20) and (A 21), it is 
rl ) 
Rwy \3 o Lae. a" VA(X)} dX 
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The mean over a long time of the time-derivative in this last expression is zero. 
Hence the mean value P, is 
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Adding this to the averaged form of (A 26), we obtain, for the total mean thrust 
P = P,+P,, the simple equation 


P = 4pA(l) (SF you (5) (A 29) 


which was stated in § 2 as equation (7). 


* The correctness of this formula is easily checked for a circle or an ellipse. When the 
cross-section is increasing, the integral in (A 23) comes out negative, which physically is 
because the regions of suction outweigh the regions of pressure around the surface. 
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REVIEWS 


Plasma Physics. By J. G. Lryuartr. Amsterdam: North Holland Publishing 
Co., 1960. 278 pp. 50s. 

It is curious that the Greek idea of the Universe being built of four elements, 
earth, water, air and fire, has an interpretation in modern physics. These four 
‘elements’ may be compared with the four states of matter in which most of the 
matter in the Universe exists, namely, solid, liquid, gaseous and plasma, the 
last being the state in which matter is ionized and consists of free electrons and 
ions. Although it is probable that more than 99-9° of the Universe is in the 
plasma state, the study of plasmas has until the last decade been comparatively 
neglected and has been one of the backwaters of physics, perhaps because the 
plasma state occurs rarely in nature on the surface of the earth and then only 
briefly, for example in lightning and other electrical discharges, and is not easily 
produced in the laboratory. However, the prospect of unlimited power from 
thermonuclear fusion and the first steps into outer space, together with a 
growing realization by astrophysicists of the importance of plasma physics in 
their field, have given an enormous impetus to the subject. To produce fusion 
in a power station will require exceedingly high temperatures and low densities 
in which the hydrogen and its isotopes will be changed from the gaseous to the 
plasma state. Away from the neighbourhood of the earth’s surface, man, or 
rather his rockets and satellites, is moving through a medium which is naturally 
in the plasma state. As a result, a flood of papers is coming from an apparently 
exponentially growing number of research workers, and the subject is now one 
of the most fashionable. 

It might be thought that fluid dynamicists, who have so far been concerned 
with the liquid and gaseous states, would naturally take up plasma physics but 
few seem to have gone past the half-way house of magnetohydrodynamics or, as 
the plasma physicists prefer to call it, hydromagnetics. A reason may be the lack 
of introductory texts on the subject combined with the fact that a study of 
plasma physics requires knowledge from a variety of fields including electro- 
dynamics, statistical mechanics, special relativity, and quantum theory, which 
the fluid dynamicist is not likely to have met since his undergraduate days, if 
then; whereas for much of magnetohydrodynamics the standard methods and 
techniques of fluid dynamics will suffice. Any introductory monograph is there- 
fore to be welcomed as likely to help the fluid dynamicist find his feet instead 
of drowning in the literature and the unfamiliar ideas. The book under review 
serves this purpose reasonably well. It does not start from first principles, but 
the basic knowledge required by the reader can be found in degree course text- 
books. It is basically on the same lines as the brief monograph by L. Spitzer, 
The Physics of Fully Ionized Gases, but is somewhat fuller and more detailed. 
In particular, the list of references is excellent and remarkably up-to-date, and 
includes the Russian literature. On the other hand, it lacks the clarity, elegance 
and insight of Spitzer’s book, which the newcomer to the field would be well 
advised to read first. 
































Reviews 319 


An important difference between the mechanics of a plasma and that of a 
fluid is the existence of long-range Coulomb forces between the particles. Close 
collisions may in many cases be relatively unimportant and the motion of the 
plasma can then be described in terms of the motion of a single charged particle 
in the electromagnetic field generated by the plasma motion and by external 
means. This is called the single-particle picture, and is considered in the first 
chapter where the motion of a charged particle in the electromagnetic fields 
most likely to be encountered in practice is calculated. The treatment tends to 
be unduly complicated, but it has the virtue of being complete. An account of 
the various types of radiation emitted by a moving charged particle, brems- 
strahlung, cyclotron radiation and Cerenkov radiation, is also included. 

The study of individual particles, although often throwing light on the 
behaviour of a plasma, is not usually a convenient method for obtaining 
quantitative information, and the next two chapters are devoted to the more 
appropriate macroscopic approach which essentially regards the plasma as a 
mixture of two fluids, the electron gas and the ion gas. Moreover, it is necessary 
to investigate the distribution of particle velocities in the neighbourhood of a 
point in space, so that in fact a plasma is represented as a fluid in phase space 
and the basic equation is the Boltzmann equation. Continuum-type equations 
for macroscopic variables are then obtained by taking the first two integral 
moments in phase space of the Boltzmann equation and by making some 
assumption, appropriate to the circumstances, about the collision term and the 
momentum transfer or stress terms. Here the account is far from satisfactory, 
for these terms are simply supposed equivalent to an isotropic pressure and the 
reader is given little clue about the circumstances under which this is valid or 
about the difficulties which abound here. Various solutions of these equations 
are obtained corresponding with steady-state or equilibrium configurations of 
the plasma and the associated electromagnetic field, the best known being the 
Bennett pinch. 

Waves and instabilities in plasmas are the topic of the next chapter. The 
whole gamut of linear oscillations is run, from hydromagnetic waves to electro- 
static plasma oscillations. It is useful to have the whole variety described 
together in reasonably compact form, and the author can perhaps be excused 
for his cursory treatment of Landau damping of the electrostatic oscillations. 
This particular topic has been the cause of many headaches, and a full investiga- 
tion may possibly be out of place in an introductory text, especially since there 
is a tendency for its importance to be inflated owing to it being a new pheno- 
menon with no obvious analogue in fluid mechanics. The chapter ends with an 
introductory discussion of the main types of instability found in plasma motions, 
and is followed by a brief one on shock waves in plasmas and on plasmoids, the 
name given to an isolated cloud of plasma. The main features of the phenomena 
are described and enough is said to make the reader realize that this is a part of 
the field where theory is still a matter for conjecture. 

The next chapter provides an introduction to the difficult and involved 
question of collision-dominated transport and relaxation processes in a plasma. 
The dynamics of binary collisions are studied and also the cumulative effects of 
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many distant collisions which, because of the long-range effect of the Coulomb 
forces, are particularly important in a plasma; this is followed by the derivation 
of the Fokker-Planck equation which describes the diffusion in velocity space, 
owing to collisions between particles, of a non-equilibrium velocity distribution 
function. Calculations of the transport coefficients for heat, electricity and 
momentum are also given. 

The remaining two chapters are devoted to the applications of plasma physics 
to problems of practical importance, and it is a welcome feature of the book that 
these are included. It is all to the good that the more or less academic theoreti- 
cian should be aware of the engineering problems which need to be overcome. 
One chapter discusses the problems of controlled fusion, the outstanding diffi- 
culties, and possible methods of overcoming them. Of value to the fluid 
dynamicist is a review of the sources of nuclear energy and the way in which 
nuclear energy is released. The other chapter deals with the problems involved 
in the use of plasmas to convert chemical energy directly into electrical energy 
and for energy storage, with plasma oscillators and accelerators, and (what is 
almost science fiction) the plasma rocket motor which, combined with a nuclear 
power source, may be the eventual means of propulsion of interplanetary space 
ships. 

This book shows signs of having been hastily put together, and sometimes 
presents an oversimplified picture which will irritate the expert. But on the 
whole it serves its purpose of providing an introduction to and an up-to-date 


summary of a rapidly developing field. PG. Saveman 
Y be . He. WS MAL 
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